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Abstract

The All-calculus modulo is a proof language that has been proposed as a proof standard
for (re-)checking and interoperability. Resolution and superposition are proof-search meth-
ods that are used in state-of-the-art first-order automated theorem provers. We provide a
shallow embedding of resolution and superposition proofs in the All-calculus modulo, thus
offering a way to check these proofs in a trusted setting, and to combine them with other
proofs. We implement this embedding as a backend of the prover iProver Modulo.

Introduction

Proof assistants have now achieved a quite high degree of maturity, and are able to certify rather
big projects. One can for instance cite the certified compiler CompCert by Coq [14], or the seL4
microkernel specification in Isabelle/HOL [12]. Nervertheless, some of the current challenges
concerning proof assistants are to overcome their lack of automation, and to help them cooperate
better to share proof developments. A way of making proof assistants more automated is to
delegate proof obligation to external automated theorem provers. This is for instance what the
Sledgehammer [3] subsystem of Isabelle/HOL does, which passes on proof obligations to first-
order automated theorem prover such as E or SPASS, or SMT solvers like CVC3, Yices or Z3.
To keep confidence in the whole proof, the question arises of the combination of the proof found
by the automated prover and the rest of the proof-assistant development. For Sledgehammer,
this is done by reproving the proof obligation with an Isabelle/HOL tactics, namely Metis, only
keeping the information of which lemmas were needed by the automated prover to find the proof
and searching the proof again from scratch using only these lemmas. Of course, it would be
more interesting to directly retrieve the proof of the automated prover and to translate it into
an Isabelle/HOL proof. However, automated theorem do not often output proofs, and when
they do, it is not trivial to translate them into a proof assistant format. Furthermore, such a
translation would have to be performed for each pair automated prover/proof assistant.
Another solution would be to have a single, universal proof format in which every part of a
big proof would be translated and combined. An analogy can be drawn with the interoperability
of programming languages, that are translated into an assembly language in which the linking
is performed. Ideally, this universal standard for proofs should have the following properties:
It should be simple, so that it should be easy to write a proof checker in which one could
therefore have a high degree of confidence. Moreover, it should be expressive enough to be
able to embed the basic logics of all theorem provers and proof assistants available. To help
proof recombination, this embeddings should also be shallow. Although there is to the author’s
knowledge no precise definition of what a shallow embedding is, it can be distinguished from
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Figure 1: Dedukti as a universal proof language

a deep embedding by the fact that it reuse the features of the target language. For instance,
connectives are translated as connectives, and not as constants, and the same for variables,
binders, computations, etc. Now suppose that we have two input proof languages A and B,
with respective embeddings ||-||4 and ||-||p into our target standard. We would like to combine
a proof of P = @ in A and a proof of P in B to get a proof of Q). Using deep embeddings,
it would be hard to relate the translation ||P = Q||4 and ||P||p, that could a priori have
nothing in common. On the contrary, using a shallow embedding, ||P = Q|| would be equal
to ||P|la — ||Q||a, where — is the implication of the target language. Therefore, it only remains
to relate ||P||4 and ||P||p which should be easier.

The All-calculus modulo [7, [5] is a proposed standard for proof interoperability. It is rela-
tively simple, and an already efficient interpreter for it takes only a few hundred lines of code.
The All-calculus modulo is an extension of the All-calculus, a proof language for minimal first-
order logic also known as LF, AP, etc [II]. In the All-calculus modulo, it is possible to have
shallow embeddings of higher-order logics, what is not possible in pure All-calculus. Cousineau
and Dowek [7] have shown that any pure type systems can be shallowly embedded into the \II-
calculus modulo, including for instance the Calculus of Construction which serves as basis of the
proof assistant Coq. Assaf [I] has proved that simple type theory, the higher-order logic that is
the foundation of proof assistants of the HOL family, can also be translated in the All-calculus
modulo in a shallow way. The All-calculus modulo is therefore naturally a good candidate for a
universal standard for proofs. Following this idea, a language called Deduktﬂ was designed to
declare proofs of the All-calculus modulo, and a proof checker for this language, namely dkparse,
was implemented. dkparse is available at https://www.rocq.inria.fr/deducteam/Dedukti/| .
Tools related to Dedukti also include a translator of Coq proofs to Dedukti, namely CogInE [4,
http://www.ensiie.fr/~guillaume.burel/blackandwhite_coqInE.html.en|, and a trans-
lator from OpenTheory proofs (a standard for proofs of the HOL family) to Dedukti, namely
Holide [I, https://www.rocq.inria.fr/deducteam/Holide/|. There exists also a prototype
of a backend of the certifying programming environment FoCaLiZe to Dedukti, namely Fo-
calide |https://www.rocq.inria.fr/deducteam/Focalide/|. Figuresummarizes the current
tools available around Dedukti.

Current state-of-the-art automated theorem provers for first-order logic are based on the
superposition calculus [2], which can be seen as an extension of the resolution method [16].
This includes for instance the provers Vampire [15], SPASS [19] or E [I7]. To be able to
combine proofs from these provers with the developments of a proof assistant, we therefore
want to translate them in the All-calculus in a shallow manner. In this paper, we show how

1“Dedukti” means “to deduce” in Esperanto.
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Figure 2: Type System for the All-calculus

this is possible. We also present an implementation of this translation in the prover iProver
Modulo, which is therefore able to produce proofs in Dedukti’s format.

In next section, we present formally the All-calculus modulo. In Section 2] we describe the
shallow embedding of first-order logic with equality in the AI-calculus modulo. Section [3]details
the translation of resolution and superposition proofs. Its implementation in iProver Modulo is
outlined in Section [

1 The MI-Calculus Modulo

The All-calculus modulo [7, [5] is an extension of the All-calculus, a proof language for minimal
first-order logic also known as LF, AP, etc [I1]. The AlI-calculus is based on the Curry-Howard-
DeBruijn correspondence, which means that proofs are represented by A-terms and formulas by
their types, and it can be seen as one of the simplest coherent Pure Type System, which means
that there is no syntactic distinction between terms and types.

Pre-terms in the All-calculus are defined by the grammar

M,N,A)B:=x | x:A. M |lz: A B| M N | Type | Kind

where x is an element of an infinite set of variables. A context is a set of couples of variables
and pre-terms. A pre-term will be called a term when it is well-typed in the type system of
Figure[2] where the judgment “I' WF” means that a context I is well-formed, and the judgment
I'E T : A must be read as “T" has type A in the context I'”.

In the Conversion rule of the AMl-calculus, A =g B means that A and B are -convertible.
In the All-calculus modulo, this conversion rule is extended by means of well-typed rewriting
rules:

Definition 1 (Rewrite rule). A rewrite rule is a quadruple A :- [ <4 r composed of a context
A and three terms [, r and A. It is well typed in a context I if:

e the context I', A is well-formed;
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e ''AFIl:Aand I'AF r: A are derivable judgments.

Intuitively, A contains the type of the free variables of [ and r, and A ensures that [ and r
have the same type, what warrants the preservation of types through rewriting. In the rewrite
rules that we use in the following, A and A can often be inferred from [ and r, in which case we
will omit them and simply write [ < r. As usual, a term ¢ is rewritten by a rewrite rule [ — r
to a term s if their exists a substitution 6 such that a subterm of ¢ at a position p is equal to
6(1) and s is equal to ¢ where the subterm at position p is replaced by 0(r).

In the All-calculus modulo, contexts can contain rewriting rules, and the type system of the
MI-calculus is therefore extended by a new rule adding a well-typed rewriting rule in a context:

IAFIL:A I''AFr:A
(A1 —=47) WF

Rewrite

Given a context I', we let =r be the smallest congruence generated by ([-reduction and the
rewriting rules of I'. The conversion rule of the All-calculus is then replaced by the following
one:

'ET:A 'EA:s I'FB:s

Conversion s € {Type,Kind} and A =r B
TCT B {Typ } r

The case of the AllI-calculus without modulo is regained when the contexts do not contain any
rewriting rules.

A file in Dedukti’s format is a declaration of a context of the AIl-calculus modulo. Syn-
tactically, Az : a. t and Ilz : a. b are respectively written x : a => t and x : a -> b, and
a rewriting rule A :- | < r is declared as [A] 1 --> r. The tool dkparse checks that such
a context is well-formed, in particular it checks that rewriting rules are well-typed. If in the
context there is a declaration of a constant c¢ of type A, and a rule rewriting ¢ into a term ¢,
the fact that the context is well-formed implies that ¢ has type A, and by the Curry-Howard
correspondence this means that ¢ is a proof of A. Similarly, if a constant of type B is declared,
but it is not rewritten, this can be seen as assuming the axiom B.

2 Translating First-Order Logic in AI[I-Calculus Modulo
2.1 Deep and Shallow Embedding of First-Order Logic

This section is based on Dorra’s work [8], which itself borrows ideas from the embedding of
pure type systems in the AI-calculus modulo [7].

We use standard definitions for terms, predicates, first-order propositions (with connectives
1,—,=, A,V and quantifiers V, 3) as can be found in [10].

The translation of first-order logic in the All-calculus modulo consists of two embeddings,
one deep |- | and one shallow || - ||, that are linked by a decoding function proof that is defined
by means of rewriting rules.

To define the deep embedding, we first define two constants ¢+ and o of type Type that
contains respectively the translation of terms and propositions. We add constants L : o,
Si0—=0, =000, V:i0os30—0,A:0=50—0Y:(—0) =0, 3:(L—0)—ofor
the translation of connectives and quantifiers. For each function symbol f of arity n we add
a constant f : ¢t — -+ — ¢ —, and for each predicate symbol p of arity n we add a constant

n times

p:t— -+ —>1—0. Inacontext Xy :¢,...,X,, : ¢ where X1,...,X,, are the free variables of
—_——

n times
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a formula A, we can then translate formulas by induction:

| X|=X if X is a variable
F@EL, st = f [t - [t
(L, tn)[ =P [ta] -+ [t

|l =1

—Al == 14]

A= B| == |4] B
[AVB| =Y |4] |B]
[AAB| = A |A]|B]

VXAl =V (AX : . |A])
13X Al =3 (AX : 0. |A])

The shallow embedding is defined by ||A|| = proof |A| where proof is a decoding function
of type o — Type. What makes this translation shallow is the definition of the decoding
function by means of rewriting rules, that relates the deep embedding of connectives with their
counterparts in All-calculus modulo. => is for instance related with —, V with II, whereas the
other connectives are related with their impredicative encoding in AII. We can add a constant p
of type ¢t — -+ — 1+ — Type to get a shallow embedding of each predicate symbol p whose arity

n times
is n. The rules defining proof are therefore:

proof (pty -+ tp) —=pty -+ t,
proof L < IIb : 0. proof b
proof (—+ A) < IIb : 0. proof A — proof b

proof (= A B) < proof A — proof B

proof (V A B) < IIb : 0. (proof A — proof b) — (proof B — proof b) — proof b
proof (A A B) < IIb : 0. (proof A — proof B — proof b) — proof b
)
)

proof (V f) < IIX : 1. proof (f X)
proof (3 f) < IIb : o. (TIX : ¢. proof (f X) — proof b) — proof b

where b is a variable that does not appear in any first-order formula to avoid capture.

It can be proved that this translation is sound, that is that if a formula A is provable in
intuitionistic first-order logic, then there exists a term of type ||A|| in the All-calculus modulo
with the environment described above. It is also a conservative extension of intuitionistic first-
order logic, in the sense that for all first-order formula A, if the type ||A|| is inhabited in the
environment defined above, then A is provable in intuitionistic first-order logic.

Resolution and superposition are proof-search methods for first-order logic. They manipu-
late clauses. A literal is either an atomic formula (i.e. a predicate symbol applied to as many
terms as its arity) or the negation of an atomic formula. A clause is a list of literals Lq;- -+ ; Ly,.
It corresponds to the formula VX;. ...VX,. Ly V---V L,, where X1,..., X, are the free vari-
ables of Lq,..., L,,. To ease the translation of resolution and superposition proofs, we translate
clauses directly into a shallow embedding: A clause Ly;--- ; Ly, is translated as

[|Li; - s L|| =1Xq 0. .. . OX, i 0. b o, [L1], — -+ — [Lm], — proof b
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where X1,..., X, are the free variables in the clause and [P], = ||P|| — proof b for a positive
literal P and [-P], = (||P|| — proof b) — proof b for a negative literal =P. The empty clause
is therefore translated as IIb : o. proof b, which is also the translation of L as expected. It
can be shown that the translation of a clause Lq;--- ; L,, is implied by the translation of the
corresponding formula VX;. ...VX,,. L1 V---V L,,. To get the other direction, one needs a
classical axiom, for instance in the case of a clause containing only one literal.

2.2 Equality

The equality predicate ~ is so pervasive that it is often useful to have a specific treatment of
it. For instance, the resolution methods was extended into the superposition method to handle
the equality better. To have a shallower translation of first-order logic with equality in the
Al-calculus modulo, it is possible to define the equality predicate using Leibniz law.

~: 1 — 1 — Type
~ Az Ay e p: (0 — o). proof (p x) — proof (p y)

Usual properties of equality can then be proved, which avoid us to add them as axioms. For
instance, reflexivity is proved by:

refl : 1lz:¢. >~ z x

refl = Az : . Ap: v — 0. At : proof (p z). t
Commutativity has the following proof:

comm:Ilzx: . y:e. ~ zy -~ yx
comm = Azt Ayt de:~ zy. Ap:ir—o.e(Az:u.= (pz)(px)) (At: proof (p x). t)

3 Translating resolution and superposition proofs

3.1 Resolution

A derivation in resolution [I6] tries to refute a set of clauses by inferring new clauses by means
of the two following inference rules, until the empty clause is derived.
P C ~Q; D

Resoluti o =mgu(P,Q) actoring Bt et el 2%
m ) F

o =mgu(L, K)

To translate resolution proofs, we decompose these rules into two steps: one instantiation step
and one propositional step:
-P;D L;L;C

pP;C
¢ Identical Resolution — Identical Factoring ————
a(C) C;D L;C

Instantiation

Of course these rules are applied modulo commutativity of ;, which means that P or L is not
necessarily the first literal of the clauses.

Given some input clauses C1,...,Ck, an identical-resolution derivation is a sequence of
clauses Cy,...,Ck,Cky1,...,Cy, such that each clauses C; for ¢ > k is inferred from clauses
among C1,...,C;_1 using one the three rules above. The input set of clauses is shown unsatis-

fiable if C), is the empty clause. To translate such a derivation in the All-calculus modulo, we
declare a constant ¢; of type [|C;|| for each 1 <i < n, and we add some rewriting rules to define
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the constants c; for £ < j < n. These rewriting rules depend on the rule used to infer C;, and
they use the constants corresponding to the clauses from which Cj is inferred. At the end, since
all other constants are defined, the only axioms are ||C;|| for 1 <4 < k, and the translation of
the empty clause, that is Vb. proof b is proved from these axioms. This shows that the set of
input clauses is indeed refuted.

To understand the translation of the inference rules, one needs to look at the computational
content of terms that have as type the translation of a clause Li;--- ; L,,: intuitively, they
are functions that take as arguments n first-order terms to instantiate the free variables of the
clause, a proposition b to be proved, m functions that given a term of type ||L;|| return a proof
of b, and that return a proof of b.

The translation of the instantiation rule is relatively easy, since one just need to apply the
image of the variable to the original clause, and to abstract over the new free variables:

Ly;-- 5L

O'(Ll); t ;U(Lm)

Instantiation

c:Mxy ree .Mz i b o [L1]y, — -+ = [Lim], — proof b
d:Ty; ce. .My e Iz o. Jo(Ly)]y, = -+ = [o(Lm)], — proof b
d—= Ayt .. Ayg e (o(xy)) -+ (o(xy))

The translation of factoring is also rather simple, since we just need to merge two literals:
Ly -5 Lis Lis- - 5 Ly,

Identical Factorin
9 Lla o Lw"';Lm

c:Mzy ce . My 0. oo [La]y, — - = [Lily = [Li]y — -+ = [Lm]ly — proof b
d:Ilzy ce .o ey oo b o [La], = - = [Liy — -+ = [Lim]ls — proof b
d—=Ary:ite .. ATt Ao Ny s [La]lye - Mo i [Ln]p- ¢y o @ b ly - Uil - Ly

To translate a resolution step, we can use the atom P and its negation to get the proof of
b. More precisely, we can use as term of type [P], = ||P|| — proof b in the translation of the
clause Ly;--- ; P;--- ;Lm the function that take a term tp of type ||P|| and that returns the
clause My;--- ;P ---; M; where the term for type [-P], = (||P]| — proof b) — proof b is the
function that take a term tnp of type || P|| — proof b and return tnp tp, which is of type proof b.
Ly;---3Li1;P; L+ 5 Ly My; s Mp_1;—P; My --- 5 M,
Ly;--- ;Lm;Ml,"' ; M

Identical Resolution

el :Mlzy e ... zy e b o [Li], = - = [P, = -+ = [Lm]y — proof b
2 :Myy te. . Iy e Wb o [My], = -+ = [2P]y, = -+ — [M;]}, — proof b
d:Ilz e .. Izj e Ib o [Li]y, = -+ = [Ln]y — [Mi]y, — -+ — [M]l, — proof b
d—=Xzp it .o Azj e Ab oo Ay s [Lafly. -+ Mot [Lin]lb-
my : [Mq]y. -+ Amy : [M],.
clay - bl -+ L
(Mp [P c2yr -+ yp bmy - mpy
(Mnp : (|| P|] — proof b). tnp tp) my --- my)
L -1,
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Example 1. We want to refute the set of two clauses p(X,Y); p(X,a) and —p(b,Y). A possible

derivation of the empty clause in resolution is the following:
1 p(X,Y);p(X, a)

2 -p(b,Y)
3 p(X,a) applying Factoring on 1
4 O applying Resolution on 2 and 3

If we decompose the instantiations from the inferences, we get

1 p(X,Y);p(X,a)

2 —p(b,Y)

3 p(X,a);p(X,a) applying Instantiation on 1 with o = {Y +— a}
4 p(X,a) applying Identical Factoring on 3

5 p(b,a) applying Instantiation on 4 with o = {X — b}
6 —p(b, a) applying Instantiation on 2 with o = {Y — a}
7 a applying Identical Resolution on 5 and 6

We have a binary predicate symbol p and two constants a and b. The context of the
translation in the All-calculus modulo is therefore

t: Type

o: Type
proof : 0 — Type
piLt—tL—o0
pit—t— Type
proof (pxy) > pxy
a:t

b:u
We first declare the two input clauses:

cl:TUX :¢e. MY : . Th: 0. (p X Y — proof b) = (p X a — proof b) — proof b
2:1IY 1. I : 0. ((p b Y — proof b) — proof b) — proof b

We then declare the inferred clauses and define them as explained above:

3:1UX . I :o. (p X a — proof b) = (p X a — proof b) — proof b
3—=AX:tclXa

¢4 :TIX : . TIb : 0. (p X a — proof b) — proof b

A —=AX 0.0 N:(pX a—proof b). e3 X b1l

c5:1IIb : 0. (p b a— proof b) — proof b

ch—cdb

¢6:IIb : 0. ((p b a — proof b) — proof b) — proof b

cb—c2a

c7:1Ib : o. proof b

T X:o.cbb(Mp:pba. c6b (Mnp:pba— proof b. tnp tp))
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3.2 Superposition

Superposition can be seen as an extension of resolution to handle equality better. Superposition
primarily uses four inference rules (u % v denotes —(u ~ v)):

M o = mgu(u,v) Negative Superposition s=45 uE v R
o(R) o(ult]y # v;S;R)

» s~ 8 u~uv; R , ) s~tiu~v; R

Positive Superposition o = mgu(u),,s) Equality Factoring
o(ult], ~v;S;R) o(t £ v;u~v;R)

These rules are given with many conditions that restrict the cases when they can be applied.
That makes the superposition calculus usable in practice in contrast to former paramodulation-
based methods. Since we are only concerned in translating a proof, not finding one, these
restrictions do not concern us.

Also, superposition-based provers use simplification rules, in which a set of clauses is replaced
by another set of clauses. This too is not problematic for us since these simplification rules
can in most of the cases be decomposed into the application of the four basic inference rules
followed by the elimination of redundant clauses. Notable exceptions are the rules introducing
and applying definitions in for instance the prover E, that we will not consider here.

Here again, to ease the translation, we will consider an explicit instantiation step and propo-
sitional rules:

Equality Resolution

‘R s~t; S uls v; R
Identical Equality Resolution ugEuk Negative Replacement ‘ [3lp 2 v;
R ult]y #v;S; R
- s~t; 8 uls]y ~v; R _ _ s~ tis~u R
Positive Replacement Identical Equality Factoring —————
ult]ly ~v; S5 R t2tv;s~v; R

Once more, these rules can be applied modulo commutativity of ; and ~. For ~ it can be
taken into account using the comm term (see Section . For simplicity, we assume in the
following that equalities are oriented appropriately.

Since reflexivity is provable thanks to our encoding of equality, Identical Equality Resolution is
rather easy to translate. Indeed, a term of type [u % u], = (~ u u — proof b) — proof b can
be Ap : (||u =~ u|| — proof b). p (refl u).

Li;-+ i Licy;ucbwu; Ly ;L
Ly 5Ly

Identical Equality Resolution

c: My e o May e oo [L1]y, = -+ = [uzu], = -+ = [Lm], — proof b
d:Ty; ce. .. .My e Iz o. [L1], — -+ — [Lm]l, — proof b
d—= Ayp it oo Ayg e Abioo Al [La]lee o0 Al [Lanlb-

cxy .. wpbly ool (Ap: (J|Ju =~ u|] — proof b). p (refl w)) l; ... Iy

For Identical Equality Factoring, we somehow need to refute s ~ ¢ from s ~ v and t % v. If
we consider a term p of type [t £ v], = (= t v — proof b) — proof b, a term ¢ of type [s ~
v], ==~ sv — proof b and a term 7 of type ||s >~ t|| == st, thetermp (r Az : t. = (£ 2v) D) q)
has type proof b.

Ly;---5Lp_1;s~t;Lp;--- ;Lic1;s 05 Ly -+ ;L

Identical Equality Factoring
tEvis~v;Ly;- 5Ly

o = mgu(u,, s)

o = mgu(s,u)

c:Mxy e ... My e Tbio. [L]y, = - = [s=t], = - = [s~v], = -+ = [Lm], — proof b

d:Tyy cee .. Myg e b o [t 0], = [s =]y = [L1], = -+ — [Lwm], — proof b
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d—= Ayt o Ay e Ao Ap s [EE ]y Ag s [s =]y Aly s [La]lye o Al t [Lin]ls-
cxy oo Tpbly oo lpoy Arc|ls=tl.p(r Az = (Zzo)b) @)l oo Liciqly oo Uy

For Positive Replacement, we can use the following idea: given a term p of type [ut], ~ v], =
l|u[t], ~ v|| — proof b, a term ¢ of type [|u[s], ~ v|| and a term 7 of type ||s ~ t||, the term
p (r (Az. 2 |u[z]y| |v]) ¢) has type proof b.
Ly;--sLicass >t Ly Ly My Mp—1;u[s]y = v; Mp; - 5 M,

Positive Replacement
ult]ly = vy Ly;- -+ 5 Ly Mas - -+ 5 M,

el :Mzy e o May i b o, [Li], = -+ = [s =], = -+ = [Lm], — proof b
c2:Myy s e . My 0 b o, [Mi]y, — -+ = [uls]y ~ 0], = - — [M;], — proof b
d:Izy oo oz 00 I ol [ut]y ~ o], = [La], = -+ = [Ln]y = [Ma]y, — - = [M;]}, — proof b
d— Az o Azp e i Ap s [uft]y 2 o]y Ay s [Lallee - Al [Ln]b-
Amy : [Mq]ly. -+ Amy : [M],.
2y o Yypbmy oo mp

(Ag : [[ulsly = of|.

cl Xrq - mnbll li—l
(Ar:|ls >~ t]]. p (r (Az. 2 Julz]p] |v]) @)
L+ lm)
mp o My

Negative Replacement is almost the same, except that p has type [u[t], # v], instead of
[ult], ~ v], and g has type ||u[s], =~ v|| — proof b instead of ||u[s], = v||, so that p (r (Az. = (& |u[z],| |v]) b) q)
has type proof b.
Ly Li—iss =t Ly - Ly My Mp_v;uls]y 2 vy Mps -3 M,
wltly 2 v;La;- - 5 Ly Mus -+ 3 M

Negative Replacement

el :Mzy e .. May : . Tbio. [Ly], = -+ = [s =], = -+ = [Lm], — proof b
c2:Myy s e . Iy 0. bz o, [Mi]y, — -+ = [uls]y #£ 0], = -+ — [M;], — proof b
d:Tlz e . Izy o0 I coo [ult]y # 0]y = [La]y = -+ = [L]y — [Ma]y, = -+ = [M;]l, — proof b
d—Xz1 e o Azp e Ao Ap s [uft]y 2 vl My s [Lallee - Al t [Lnb-
Amy : [Mq]y. -+ Amy o [M]),.
2y - Y bmy - mp_y
(Ag @ (Jluls]p > v|| = proof b).

Cl$1'~'$nbl1'~'li_1
(Arcls =l p (r (Az. = (= Julzly| [0]) b) )
li lm)
mh DRI ml

Example 2. We want to refute the set of three clauses ¢ ~ g(a); X ~ f(b,Y) and g(Z) ~ f(X, Z)
and g(c) 2 g(f(X,Y)). A possible derivation of the empty clause in superposition (without
considering ordering restrictions) is the following:

10
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1 c~g(a); X ~ f(b,Y)

2 9(X) ~ f(Z,X)

5 glo) 2 g(f(X, V)

4 c~ f(Z,a); X ~ f(b,Y) applying Positive Superposition on 2 and 1
5 f(Z,a)# f(b,Y);c~ f(b,Y) applying Equality Factoring on 4

6 ¢~ f(b,a) applying Equality Resolution on 5

7 g(f(b,a)) £ g(f(X,Y)) applying Negative Superposition on 6 and 3
8 a applying Equality Resolution on 7

If we decompose the instantiations from the inferences, we get

1 c~gla); X ~ f(b,Y)
> 9(X) ~ f(Z,X)
3 9(c) # g(F(X, V)
4 g(a) ~ f(Z,a) applying Instantiation on 2 with o = {X — a}
5 c~ f(Z,a); X ~ f(b,Y) applying Positive Replacement on 4 and 1
6 c~ f(Z,a);c~ f(b,Y) applying Instantiation on 5 with o = {X +— ¢}
7T f(Z,a)# f(b,Y);c~ f(b,Y) applying Identical Equality Factoring on 6
8 f(bya) # f(b,a);c~ f(bya)  applying Instantiation on 7 with o = {Y + a; Z — b}
9 ¢~ f(b,a) applying Identical Equality Resolution on 8
10 g(f(b,a)) £ g(f(X,Y)) applying Negative Replacement on 9 and 3
11 g(f(bya)) # g(f(b,a)) applying Instantiation on 10 with 0 = {X — Y — a}
12 a applying Identical Equality Resolution on 11

We have a unary function symbol g, a binary function symbol f and three constants a, b
and c. The context of the translation in the All-calculus modulo is therefore

L Type

o: Type

proof : 0 — Type

S

~: 1 — 1 — Type

~ Az i Ay e Hp s (0 — o). proof (p ) — proof (p y)
=:0—0—0

proof (X zy) =~ zy

proof (= A B) < proof A — proof B
refl : 1lx:v.~ zx

refl = Az :¢. Ap v — 0. At : proof (p ). t
git—t

fio—=1—0

a:t

bt

c:t
We first declare the three input clauses:

cl :TX 0. Y 1 0. b 0. (=~ ¢ (g a) — proof b) = (~ X (f bY) — proof b) — proof b

11
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2: X : . NIZ:e.Tb:o. (~ (9 X) (f Z X)— proof b) — proof b
3:MX : 0. MY : 0. Ib: 0. ((= (gc¢) (g (f XY))— proof b) — proof b) — proof b

We then declare the inferred clauses and define them as explained above:

cd:1Z 0. 1Ib: 0. (~ (g9a) (f Z a) — proof b) — proof b

A=A c2aZ

¢h:UX : . MY : 0. NIZ : . b 0. (= ¢ (f Z a) — proof b) = (= X (f bY) — proof b) — proof b

B AX LAY 1w AZ i o Api (= e (f Z a) = proof b). Al : (=~ X (f bY) — proof b).
Al XYb(MN:=c(ga).cdZb(Ar:= (ga) (f Za).p(r (Qu:t. =cu)q)))l

6 : 1Y : . IZ : 1. Wb :o. (= ¢ (f Z a) = proof b) = (=~ ¢ (f bY) — proof b) — proof b

b6 =Y 1. AXZ:1.cdecY Z

T:NY : . TIZ 0. b 0. ((~ (f Za) (f bY) — proof b) — proof b) — (~ ¢ (f bY) — proof b) — proof b

T AY . XZ e M0 dp:((= (f Za) (fbY)— proof b) — proof b). Ag: (=~ ¢ (f bY) — proof b).
ABY Zb (M= c(fZa)prPu:t.=(=u(fdbY))D)q)aq

e8:1Ib:o0. (= (fba)(fba)— proof b) — proof b) = (~ ¢ (f b a) — proof b) — proof b

c8—=clab

9:1b:o. (= ¢ (f ba)— proof b) — proof b

9= Ao A:(~ c(fba)— proof b). c8b (Ap: (=~ (f ba) (f ba)— proof b). p (refl (f ba)))l

cl0:IIX : 0. IIY :e. Ib:o. ((~ (g (fba)) (g (f XY))— proof b) — proof b) — proof b

cl0 = AX 1. AY i . Ao Ap: ((= (g (fba)) (9 (f XY))— proof b) — proof b).
BXYb(A:(= (gc¢) (g (f XY))— proof b).

Db (M= c(fba).p(r(u = (=(gu) (g (fXY))b)q)))

cll:Ib:o. ((~ (g (fba)) (g (f ba))— proof b) — proof b) — proof b

cll—=cl0ba

cl12 : IIb : o. proof b

cl2—= M :o.cllb (Ap:(~ (g (fba)) (g (fba))— proof b). p (refl (g (f ba))))

3.3 Resolution Proofs Are Constructive Proofs

In the translation of resolution and superposition proofs above, we do not need any axiom for
classical logic, which means that we have an intuitionistic proof. Furthermore, since the trans-
lation of a clause is intuitionistically implied by the translation of its corresponding formula,
that means that the proof of unsatisfiability of a set of clauses by the resolution method is
intuitionistic. However, the resolution method is in general used to refute the negation of a
formula: to prove A, one proves that the clausal normal form of = A is unsatisfiable. To go to
the proof of unsatisfiability of —=A to a proof of A, one needs a classical axiom (even without
considering the clausification of —A).

This remark about constructiveness of resolution proofs is not so surprising. Indeed, given
the clauses C1,...,C,, with correspond formulas Ay,...A,,, proving the unsatisfiability of
Ci,...,C,, amounts to proving the sequent Aj,..., A, F in the sequent calculus. But for
this particular class of sequents, intuitionistic and classical logics coincide. Indeed, since there

12
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are only atomic formulas under negations, and there are no implications, there can only be
atomic formulas in the right-hand side of sequents in a proof of Ay, ..., A,, F. Since only one of
them can be used in each axiom rule closing a branch of the proof, we can restrict ourselves to
sequents containing at most one formula in the right-hand side, as in the intuitionistic fragment.

4 Implementation in iProver Modulo

We have successfully implemented the technique above in iProver Modulo. iProver [I3] is a prover
for first-order logic based the combination of two proof-search methods, namely instantiation-
generation and resolution. iProver Modulo [6] is a patch to iProver to integrate Polarized Resolution
Modulo [9] in it. iProver Modulo is available at http://www.ensiie.fr/~guillaume.burel/
blackandwhite_iProverModulo.html.en. When iProver Modulo finds a pure resolution proof
(for instance, when the instantiation-generation method is switched off), we are able to translate
it to the All-calculus modulo using the technique presented in this paper.

As said above, resolution- and superposition-based provers do not only use the inference
rules presented above, but uses also simplification rules that can be used to replace a set of
clause by another. For instance, iProver Modulo uses

L;C  o(L);o(C); D
L;C a(C); D

Subsumption Resolution

where P = =P and =P = P. After the simplification is performed, o(L);o(C); D is no longer
in the working space of the prover to search for a proof, but it can be used to translate a proof
once it has been found. It is possible to infer the clause o(C); D but using the derivation

L;C
| jaton ————— _
Identi In:am:agon o(L);o(C) o(L);o(C); D
entica esoullon (0 0(C)D
Identical Factoring ———————
o(C); D

and this derivation can be translated as usual.

In practice, when iProver Modulo is run with the option --dedukti-out-proof true, if a
proof using only the resolution method is found, it is output in Dedukti’s syntax (in which
Az :a.tand Iz : a. b are respectively writtenx : a => tandx : a -> b) and can be checked
by the dkparse tool. For instance, for the unsatisfiability of the two clauses in Example|l] iProver
Modulo outputs:

o : Type.

proof : (o -> Type).
i : Type.

a : i.

b : i.

p: (1 -> (1 -> Type)).
clause3 : (X1 : i => (X0 : i -> (bot_var : o —->
((p X0 a -> proof bot_var) -> ((p X0 X1 -> proof bot_var) -> proof bot_var))))).
clause2 : (X0 : i -> (bot_var : o -> ((p X0 a -> proof bot_var) -> proof bot_var))).
[l clause2 --> (X0 : i => (bot_var : o => (1itl : (p X0 a -> proof bot_var) =>
clause3 a X0 bot_var 1itl 1it1))).
clause4 : (X0 : i -> (bot_var : o -> (((p b XO -> proof bot_var) -> proof bot_var)

13
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-> proof bot_var))).
clausel : (bot_var : o -> proof bot_var).
[] clausel --> (bot_var : o =>
clause2 b bot_var (tp : p b a =>
clause4 a bot_var (tnp : (p b a -> proof bot_var) => tnp tp))).

The input clauses are clause3 and clause4, and the false formula IIb : o. proof b is proved by
clausel. Note that contrarily to what is detailed above to ease the comprehension, instantia-
tions are integrated in the inference rules: clause? is inferred from clause3 by Factoring (with
o ={X1+ a}), and clausel from clause2 and clause4 by Resolution (with o mapping the X0
of clause2 to b and the X0 of clause4 to a).

Conclusion

We have presented a shallow embedding of the proofs found by state-of-art first-order automated
theorem provers into the All-calculus. We also have described its implementation in iProver
Modulo. This work is a first step towards the interoperability of automated theorem provers
and proof assistants. We can now envisage to combine proofs coming from Coq, HOL, and
iProver modulo, by linking their translations in Dedukti. To that purpose, as explained in
the introduction, the fact that the embeddings are shallow will be extremely useful. We now
consider further works.

An implementation of the translation of superposition proofs would let us see if such an
embedding can really be used in practice. A good candidate for integrating this translation
is Zipperposition, a first-order theorem prover based on superposition, written in OCaml and
developed as a experimental platform to test ideas around the superposition calculus. Zipper-
position is available at https://www.rocq.inria.fr/deducteam/Zipperposition/.

Moreover, first-order theorem provers generally do not take as inputs only set of clauses
to be proved unsatisfiable, but they also can handle full first-order formulas. To be able to
translates these proofs into the All-calculus modulo, we should be able to express in the AII-
calculus modulo the transformation of formulas into clausal normal form. This raises two
issues: first, some transformations need classical logic. To handle them, a possibility is to
add a classical axiom, for instance nnpp : IIp : o. IIb : o. ((proof p — proof b) — proof b) —
proof p. A more difficult point is that for some transformations, the resulting set of formulas
is not logically equivalent to the first one, but is only equisatisfiable. This is the case for
instance of the elimination of an existential quantifier using a Skolem symbol. To solve this,
one should probably transform the proof back to reintegrate the existential variables introduced
by Skolemization.

Another interesting idea would be to use iProver Modulo to output a Dedukti proof for each
inference step of a proof found by another prover, as could be described in the TSTP format [18].
Then, by recombining each of these steps, we would obtain a whole proof of the original formula,
at least if only inference rules that are really logical implications are used. Nevertheless, this
is not immediate, because for the moment we only translate proofs of unsatisfiability of set
of clauses, and the combination of such proofs would require to link clauses with the clausal
normal form of their negation: a proof that C; and C5 leads to C3 will indeed be a proof that
C1, C5 and the clausal normal form of —Cj5 is unsatisfiable.
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