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Introduction Deduction modulo

A simple proof?

Fl+1=2
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Introduction Deduction modulo

A simple proof?

F s(0) 4+ s(0) = s(s(0))
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Introduction Deduction modulo

A simple proof?

Fr=Vzy. s(x)+y=x+s(y), Ve. 0+z =2z

M-1+1=2
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Introduction Deduction modulo

A simple proof?

MN=Vry. s(z)+y=ao+s(y), Ve. 0+z ==z

NN14+1=04+2F141=2
V-1 z:=0,y :=s(0)
NM-14+1=2
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Introduction Deduction modulo

A simple proof?

Fr=Vzy. s(x)+y=ax+s(y), Ve. 0+ 2z ==z

MN1+1=0+420+2=2+141=2
V- T =2
NM14+1=04+2F141=2
V- z:=0,y :=s(0)
N1+1=2
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Introduction Deduction modulo

A simple proof?

N=vVry. s(z)+y=x+s(y), Vo.0+z =2, Vo y 2. © =
y=>y=z2=>r=2=z

MNM1+1=0+2,0+2=2
L+ TS0+ F1+1=2 r:=1+4+1

Vel 141=042=04+2=2=14+1=2 __
. y:=0+2
NM1+1=0+4204+42=2F14+1=2 z:=2
V- Ti=2
NNi+1=0+2F141=2
V-1 x =0,y = s(0)
N-1+1=2
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Introduction Deduction modulo

A simple proof?

N=vVry. s(z)+y=x+s(y), Vo.0+z =2, Vo y z. © =
y=y=z=>r=2

1+1=2F1+1=2 0+2=2F0+2=2
= - -
04+2=2 - B B
L 0+42=02=141=2 Fl1+1=2 141=042F14+1=0+2

1+1=0+20+2=2
1+ +2,0+ F 14122 pem1a1

Vel 1+41=042=042=2=141=2 __
- y:=0+2
N1+1=0+20+2=2F14+1=2 z:=2
V-1 T =2
NM14+1=04+2F141=2
V- z:=0,y :=s(0)
N1+1=2
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Introduction Deduction modulo

A simple proof?

MN=Vey. s(x)+y=ax+s(y), Ve. 0+z =2, Ve y z. x =

y=>y=z=>r=2
Ax Ax
1+41=2F141=2 0+2=2F04+2=2

= -
Ax
r0+2=2 B _ _

0+2:2$1+1:2F1+1—2 1+1=04+2F1+4+1=0+2

MM1+1=04+20+2=2

= -

F1+1=2 r:=1+1

Vel 141=042=042=2=14+1=2 __
_ y:=0+2
NM1+1=0+4204+2=2F14+1=2 z:1=2
V-1 Ti=2
NMi+1=0+2F141=2
V-1 x =0,y = s(0)
N-1+1=2
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Introduction Deduction modulo
I —

Proving vs. verifying

Poincaré 1902:
“Ce n'est pas une démonstration proprement dite [...] cest
une vérification”
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Introduction Deduction modulo
I —

Proving vs. verifying

Poincaré 1902:
“Ce n'est pas une démonstration proprement dite [...] cest
une vérification”

Poincaré’s principle: identifying computation and deduction
~> deduction modulo [Dowek et al., 2003]

Guillaume Burel, Claude Kirchner: LFCS’07, 2007-06-05 Q W moﬁa‘
% #

Cut Elimination in Deduction Modulo by Abstract Completion 3/27



Introduction Deduction modulo

Deduction modulo

Computational part expressed as a rewrite system over terms
and propositions
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Introduction Deduction modulo

Deduction modulo

Computational part expressed as a rewrite system over terms
and propositions
For instance

s(z) +y — o+ s(y)
rxy=0—-2x=0VvVy=0
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Introduction Deduction modulo

Deduction modulo

Computational part expressed as a rewrite system over terms
and propositions
For instance

s(z) +y — o+ s(y)
rxy=0—-2x=0VvVy=0

Inferences performed modulo this congruence:
. MA{y/z}PF A

Q< 3x. P, y fresh
LoFA
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Introduction Deduction modulo
I —

Example of a proof in deduction modulo

Tr——————141=2-"2=2-——T
F1+1=2
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Introduction Deduction modulo
I —

Example of a proof in deduction modulo

Tr——————141=2-"2=2-——T
F1+1=2

Z2Xz—4z+4=0F2=2
= -r

Feaxz—4z4+4=0=2=2
V-r z is fresh
FVr.z2xo—4x+4=0=>2x=2
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Introduction Deduction modulo
I —

Example of a proof in deduction modulo

Tr——————141=2-"2=2-——T
F1+1=2
zXz—4z+4=0
V-l Sz —2)x(2-2)=0
2Xz2—4z4+4=0F2=2 & z—-2=0Vz—2=0
= -r

Feaxz—4z4+4=0=2=2
V-r z is fresh
FVr.z2xo—4x+4=0=>2x=2
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Introduction Deduction modulo
I —

Example of a proof in deduction modulo

Tr——————141=2-"2=2-——T
F1+1=2

2—2=0F2z=2

z2—2=0F2=2 ' z2Xz—4244=0

V-l T(z=2)x(2—2)=0
Z2Xz—4z+4=0F2=2 ey —2=0Vz—-2=0
=-r

Feaxz—4z4+4=0=2=2
V-r z is fresh
FVr.z2xo—4x+4=0=>2x=2
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Introduction Deduction modulo
I —

Example of a proof in deduction modulo

Tr——————141=2-"2=2-——T
F1+1=2
Ax z*—2:0
2-2=0Fz=2 <—2z=2
Ax z—2=0
2—-2=0Fz=2 "~ *7 Exz—A4z+4=0
V-l T(z=2)x(2—2)=0
2Xz—4z+4=0F2=2 S ,—2=0Vv2z—2=0

= -r

Feaxz—4z4+4=0=2=2
V-r z is fresh
FVr.z2xo—4x+4=0=>2x=2
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Introduction Deduction modulo

Asymmetric sequent calculus modulo

[Gentzen, 1934] sequent calculus:

NMAFA TFEFAA MA{y/z}PF A
Cut 3 y fresh
r=A [dz. PFA
IF,BI—A r=AA . e {t/z}P, 3z. P,A
= - r
NNA=BFA N=dx. P,A
+ externalized congruence rules:
NAPEFA AP A
A ———ifA—P Tar—————ifA—P
MNAFA r=AA
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Introduction Deduction modulo
I —

Important facts about deduction modulo

Simulates theories:

Higher Order Logic [Dowek et al., 2001]

» Zermelo [Dowek and Miquel, 2007]

» Arithmetic [Dowek and Werner, 2005]

» Pure Type Systems [Cousineau and Dowek, 2007]

v

Proof search methods:
» Resolution: ENAR [Dowek et al., 2003]
» Tableaux: TaMed [Bonichon, 2004]

Proof-length speed-ups [Burel, 2007]
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Introduction Cut admissibility

Deduction modulo and cut admissibility

Definition 1.
A rewrite systems R admits Cut if all sequents provable
modulo R can be proved modulo R without Cut

() admits Cut (Gentzen's Hauptsatz)
Cut admissibility implies

» subformula property

» completeness of automated provers

Do all rewrite systems admit Cut ?
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Introduction Cut admissibility

Crabbé counterexample

Rewrite system: A — B A —-A
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Introduction Cut admissibility

Crabbé counterexample

Rewrite system: A — BA—-A

Search for a minimal counterexample:

ANBF FAAB
Cut
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Introduction Cut admissibility

Crabbé counterexample

Rewrite system: A — BA—-A

Search for a minimal counterexample:

AX —MM
AB,BF A
—-|
A B,~A BF
A -l
A BA-ABF
1-l
A BF
Ao ————
ANBF FAAB
Cut
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Introduction Cut admissibility

Crabbé counterexample

Rewrite system: A — BA—-A

Search for a minimal counterexample:

AX —48M8M8 ¥ —— Ax ——
A B BFA AFA
—-1 —-—f —
A, B,-A B~ A B FA-A
A -l A -r
A, BAN-A Bk FA BA-A
1l Tt ——
A Bt FA FB
AN ———— A-r
ANBFE FAAB
Cut
|_
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Introduction Cut admissibility

Crabbé counterexample

Rewrite system: A — B A—-A

Search for a minimal counterexample:

AX —m8M8 ——— Ax —
B,A,B,BF A B,AFA
—-| Ax —-r
B,A,B,-A,BF BFAB BFA-A
A -l A -r
B,A,BN-A,BF BFA BA-A
T-l T-r—m 2m Ax
B, A, B+ BFA B+ B
AN-| ————— A-r
B,ANBF&F B+FANANB
Cut
B
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Introduction Cut admissibility

Cut elimination

If there is no modulo, Cut is admissible (Gentzen's Hauptsatz)
There exists a cut elimination procedure:

lF,A,BI—A IFI—A,A M- B,A
Ad—mDm—  A-
MNAANBEFA r-AANB,A
Cut
r=A
becomes
NNABEFA T,AFBA
Cut
MNAFA MN=AA
Cut
r=A

Proofs with cuts are replaced by smaller counterexamples
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Introduction Cut admissibility

Crabbé’s counterexample (Cont.)

A— BA-A
AX —M83
B,A,B,BF A
- Ax ——
B,A,B,-A,BF B,AFA
A-l AX —48M89 — o ———
B,A,BAN—-A, Bt BEFB,A BF-AA
T-l Ax A-r
B, A, B+ B,A+FB BEBA-AA
Cut Ter——m
B, AF BFA
Cut
B+
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Introduction Cut admissibility

Crabbé’s counterexample (Cont.)

A— BA-A
AX —m8 AX —8 —
B,A,BF A B,AF A
- — AX —m78M8M8 — - ———
B,A,B,-At B+ B, A BF-A,A
AN—m————  A-r
B,ABA-Al BFBA-A A
T T —
B,AF BF A
Cut

B
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Introduction Cut admissibility

Crabbé’s counterexample (Cont.)

A— BA-A
AX —m8 AX —8 —
B,A,BF A B,AF A
- — AX —m78M8M8 — - ———
B,A,B,-At B+ B, A BF-A,A
AN—m————  A-r
B,ABA-Al BFBA-A A
T ———— Tor——
B, AF BF A
Cut

B

= minimal counterexample
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Introduction Cut admissibility

Regaining Cut admissibility

Need to build a proof of B

Add a new rule to your system: B — L

1l —
Ny 1F
B+
A— BA-A :
{ Bl admits Cut
Guillaume Burel, Claude Kirchner: LFCS'07, 2007—1()26;;)? ‘Q W pﬁz@ﬁd‘
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Introduction Cut admissibility

Term rewrite systems

[Dowek, 2003]: a term rewrite system is confluent iff it admits
Cut

no longer true for proposition rewrite systems (Crabbé)

If a TRS is not confluent, use standard (a.k.a. Knuth-Bendix)
completion to get an equivalent confluent TRS

~> a generalized completion procedure to recover cut
admissibility ?
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L i ) $z (l gotid
Cut Elimination in Deduction Modulo by Abstract Completion 13/27 . #



Limitations

Outline

® Introduction
e Deduction modulo
e Cut admissibility

m Limitations
m A Formalism for Abstract Completion
m Example of application

m Conclusion
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Limitations

Undecidability of cut admissibility

Theorem 2.

The following problem is undecidable:
input: a rewrite system R

answer: determine if R admits Cut
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Limitations

Undecidability of cut admissibility

Theorem 2.

The following problem is undecidable:

input: a rewrite system R

answer: determine if R admits Cut

Proof:

Let P be a first order proposition, 7, € not in P,

IetRp:{TEr—>Vy.(Vx.yéx:réx)iyérilj

P is valid iff Rp admits Cut
(Models for deduction modulo [Hermant, 2003])

Guillaume Burel, Claude Kirchner: LFCS’07, 2007-06-05 3 Dfﬁ‘
L . ) $z (l gotia
Cut Elimination in Deduction Modulo by Abstract Completion 15/27 . #



A Formalism for Abstract Completion

Outline

® Introduction
e Deduction modulo
e Cut admissibility

m Limitations
m A Formalism for Abstract Completion
m Example of application

m Conclusion
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A Formalism for Abstract Completion

Abstract Canonical Systems
[Dershowitz and Kirchner, 2006]

Based on proof ordering
General notion of canonicity, saturation, redundacy
Critical proofs = minimal counter-examples

Abstract definition of a completion
procedure [Bonacina and Dershowitz, 2007]:
Adding the premises of proofs smaller than the critical ones
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A Formalism for Abstract Completion
I —

Proof ordering

Proofs are trees:
Recursive Path Ordering

Precedence
» Proofs with Cut are greater: Cut(P) > r

» Compatible with the Cut elimination procedure:
Cut(P) > Cut(Q) if @ is a subformula of P

Guillaume Burel, Claude Kirchner: LFCS’07, 2007-06-05 & "g‘
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A Formalism for Abstract Completion

Critical Proofs

Lemma 3 (Form of critical proofs).

m T2
MNAPEA N=A,Q,A
- A—P T-r —Q
MNAEFA N-=AA
Cut
M= A
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A Formalism for Abstract Completion

Critical Proofs

Lemma 3 (Form of critical proofs).

m T2
MNAPFA N=A,Q,A
- A—P T-r —Q
MNAEFA N-=AA
Cut
M= A

Note: it is also undecidable to know if a sequent is the
conclusion of a critical proof or not
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A Formalism for Abstract Completion

Smaller proofs

Try to build a Cut-free proof:

» Indifferently apply any inference rule (apply V-I and 3-r
only once)

» When reaching a sequent ['; A = A with A atomic,
rewrite A into AAVzy,...,x,. (0 VA)

» ~ the branch can be close
(also symmetrically for ' = A, A)

complete the rewrite system with these new
A — AANYzy,... 2, (0T VA) and
A— AV 3ry,... .z, (TADA)

Guillaume Burel, Claude Kirchner: LFCS'07, 2007-06-05 & 3
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A Formalism for Abstract Completion

Main theorem

Theorem 4.

Asymmetric deduction modulo is an instance of abstract
canonical system
Corollary 5 (Cut Admissibility of the Limit).

"= A has a proof in Ry if and only if it has a cut-free proof in
R
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Example of application

Outline

® Introduction
e Deduction modulo
e Cut admissibility

m Limitations
m A Formalism for Abstract Completion
m Example of application

m Conclusion
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Example of application

Crabbé with quantifiers: A — (3z. Vy. B A P(z,y)) A —A
(Q(x) denotes Yy. B A P(x,vy))
Critical proof:

Ax AX ——M8M88™M8
Jz. Q(z), A, 3z. Q(z) H A Jz. Q(z),AF A
- Ax —-r
Jz. Q(x), A, Jz. Q(z), A+ Jz. Q(z) F Jz. Q(x), A Jz. Q(z) F —A A
A-l N-r
Jz. Q(z), A, 3z. Q(z) N—A+ Jz. Q(z) F Iz. Q(z) A—A A
Tl T-r
Jz. Q(z), AF Jz. Q) A
Cut
Jz. Q(z) +

Guillaume Burel, Claude Kirchner: LFCS’07, 2007-06-05 & "g‘
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Example of application
I —

Smaller proof:

Q(z), B, P(z,a)
A-l

Q(z), BA P(z,a)
- y:=a

Qz) -
| ——————— 2 is fresh

Jz. Q(z) +

Guillaume Burel, Claude Kirchner: LFCS’07, 2007-06-05 y W ﬁ{ﬂ
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Example of application
I —

Smaller proof:

O Q(z), B, BAVz. (-Q(z) V =P(z,a)), P(xz,a) -

Q(z), B, P(z,a)
A-l

Q(z), BA P(z,a)
- y:=a
Qz) -
I-| ———— gz is fresh

Fz. Q(x)
New rule: B — B AVz. (=Q(z) V =P(z,a)).
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Example of application
I —

Smaller proof:
Ax Ax
Q(z), B, P(z,a) F Q(x) Q(z), B, P(x,a) F P(z,a)

_|-| -

Q). B.~Q(x). P(r.a) - Q(x), B,~P(x,a), P(x.a)

V-l

o Q(z), B,~Q(z) vV - P(z,a), P(z,a) b 3
Q(z), B, B,Yz. (~Q(2) V =P(z,a)), P(z,a) -

A -l
o Q(z), B, BAVz. (-Q(z) V =P(z,a)), P(xz,a) -
N Q(z), B, P(z,a)
| Q(z), BA P(z,a) 3
Q-
J-| ————— & is fresh
Jz. Q(x) +

New rule: B — B AVz. (=Q(z) V =P(z,a)).
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Conclusion

Outline
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e Deduction modulo
e Cut admissibility

m Limitations
m A Formalism for Abstract Completion
m Example of application

m Conclusion
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Conclusion
=

» use of the ACS to define a procedure to recover Cut
admissibility in Deduction Modulo

» boundaries of the approach through undecidability results

» description precise enough to be implemented (in
Tom /ocaml!)

http://tom.loria.fr/
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http://tom.loria.fr/

Conclusion

Perspectives

» too many critical proofs: refinement of the proof ordering
(for instance A — AV Jz. P(x) subsumes
A— AV P(t))

» provide cut admissibility but not normalization of proofs

» elimination of redundancies (simplification rules as in
standard completion)

» link with superdeduction (new inference rules)
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Conclusion
=

A model-based cut elimination proof.
In 2nd St-Petersburg Days of Logic and Computability.
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