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Abstract. Partial evaluation is an optimization technique traditionally used in compilation. We have adapted this
technique to the understanding of scientific application programs during their maintenance. We have implemented
a tool that analyzes Fortran 90 application programs and performs an interprocedural pointer analysis. This paper
presents a dynamic semantics of Fortran 90 and manually derives a partial evaluator from this semantics. The
tool implementing the specifications is also detailed. The partial evaluator has been implemented in a generic
programming environment and a graphical interface has been developed to visualize the information computed
during the partial evaluation (values of variables, already analyzed procedures, scope of variables, removed
statements, etc.).
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1. Introduction

A wide range of software maintenance tools analyze existing application programs in order
to transform them (Baxter et al., 1998; Sellink and Verhoef, 2000; van den Brand et al., 1996;
Yank et al., 1997). Some of these transformations aim at facilitating the understanding of
programs. Furthermore, these transformations are based on rather complex analyses. As
software maintenance tools, these tools must introduce absolutely no unforeseen changes
in programs.

To ensure that the transformation preserves the meaning of programs, we have used
formal specifications to develop a software maintenance tool. In our framework, a formal
specification yields:

• A basis for expressing precisely which transformations are performed. Formal concepts
are powerful enough to clarify concepts of programming languages and to model complex
transformations. The formal specification can be seen as a reference document between
specifiers and end-users. In our context, end-users are software maintainers who have
a strong background in mathematics. Thus, they are disposed to understand our formal
specifications.
• A mathematical formalism for proving and validating properties of program transforma-

tions.
• A framework for simplifying the implementation of a tool. The formal specification has

been refined to obtain an implementation.
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Our tool aims at improving the understanding of scientific application programs. Such
programs are difficult to maintain mainly because they were developed a few decades ago by
experts in physics and mathematics, and they have become very complex due to extensive
modifications. For a maintenance team working on a specific application program, one of
the most time consuming steps is to extract by hand in the code the statements corresponding
to the specific context of the maintenance team. This context is very well known by all the
people belonging to the maintenance team; this is their minimum knowledge concerning the
data of their application program. This context is described by equalities between specific
variables and values (Blazy and Facon, 1998).

1.1. Motivations

Partial evaluation is an optimization technique, also known as program specialization. When
given a program and known values of some input data, a partial evaluator produces a so-
called residual or specialized program. Running the residual program on the remaining
input data will yield the same result as running the original program on all of its input data
(Jones et al., 1993). The residual program is more optimized than the original program.
Partial evaluation has been applied to generate compilers from interpreters (by partially
evaluating the interpreter for a given program). In this context, previous work (ACM, 1998;
Danvy et al., 1996) has primarily dealt with functional and declarative languages.

Partial evaluation has also been applied to improve speedups of functional, declarative
and imperative programs (Andersen, 1994; Baier et al., 1994; Marlet et al., 1997). Usually,
the chief motivation for doing partial evaluation is speed. The residual program is faster
than the initial one because expensive calculations have been eliminated. This is done
with sophisticated techniques such as binding-time analysis. The basic partial evaluation
techniques are procedure inlining (calls to procedures are replaced with copies of their
bodies) and loop unfolding (loops are replaced with several copies of their bodies). Both
techniques replace statements by faster statements, but they increase the size of the code and
generate new variables or rename variables. These partial evaluation techniques conflict
with our goal, so we do not use them.

Our goal is to generate programs that are easier to understand. Thus, our transforma-
tions do not modifiy the structure of the code. In like manner, our partial evaluator neither
generates new variables nor renames variables. Our partial evaluation is based on con-
stant propagation and statements simplification. The programs we generate are easier to
understand because many statements and variables have been removed and no additional
statement or variable has been inserted. Furthermore, the known values of variables like PI
or TAX RATE are propagated during partial evaluation but these variables are likely to be
kept in the code (e.g. in the code 2∗PI+ 1 should be easier to understand than 7.28). The
benefit of replacing variables by values depends also on the kind of user (see (Blazy and
Facon, 1994) for details about our specialization strategy).

Figure 1 briefly illustrates how source code is specialized with respect to constraints on
input variables. The source code that has been removed is striked out (e.g. in figure 1,
the firstif statement is removed and replaced by its specializedthen branch). The source
code that is not striked out corresponds to the specialized code. In the specialized code,
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Figure 1. An example of program specialization.
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expressions are also simplified. In source and specialized codes, simplified expressions
are underwaved. Known values of variables are propagated in called procedures. Called
procedures have been replaced by their specialized versions and a comment recalls the name
of the called procedure and its initial known values. Other information is computed and
displayed during the partial evaluation (e.g. final values of some variables). It is not shown
in figure 1 to simplify the presentation of the figure.

1.2. Technical overview of our interprocedural alias analysis

Our partial evaluator implements a flow-sensitive and context-sensitive interprocedural alias
analysis (Emami et al., 1994; Hasti and Horwitz, 1998; Landi and Ryder, 1992; Liang and
Harrold, 1999; Wilson and Lam, 1995). In a flow-sensitive analysis, aliasing information
depends on control flow: the analysis takes into account the order in which statements are
executed. In a context-sensitive analysis, aliasing information is differentiated among call
sites: the analysis takes into account the fact that a function must return to the site of the
most recent call.

Our analysis computesmustalias information (i.e. alias information that must occur on
all paths through the flowgraph). For each pointer and each program point, our analysis
computes a conservative approximation of the memory locations to which that pointer must
point.

Flow-sensitive analyses generally take more time and space than flow-insensitive analy-
ses; however, the results are usually more precise (Hasti and Horwitz, 1998). Our analysis
is more sensitive than other alias analysis that are more efficient (Andersen, 1994; Carini
and Hind, 1995; Sagiv et al., 1997; Steensgaard, 1996), but our analysis does not take pro-
hibitive time or space. The reason is that our partial evaluation propagates only equalities
between variables and values. This means that when an if statement or a loop is analyzed,
some information is lost at the end of the analysis of the statement:

• when two branches of an if statement are analyzed, the analysis propagates only the
equalities between variables and values that hold in both branches,
• in a similar way, when a loop is analyzed, only the equalities between variables and

values that belong to the invariant of the loop are propagated outside the loop.

Our analysis does not support recursive calls (the application programs we have analyzed
are not recursive) but it handles return constants. The framework of our analysis is similar to
the more general one described by Chase and Zadeck in Chase and Zadeck (1990): for each
procedure, information that describes the effects of that procedure are propagated through
the call graph. This graph represents the structure of the analyzed program.

1.3. A formalism for specifying program transformations

We use natural semantics rules to specify and implement our relations. These are inference
rules that are made of sequents defining inductively our relations. The rules operate on
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abstract syntax trees. Each rule expresses how to deduce sequents (the denominator of
the rule) from other sequents (the numerator of the rule) (Kahn, 1987). While natural
semantics rules provide a simple means for specifying our program transformation, they
use very simple data structures for representing programs and other information, and they
use only very simple formulas and inference rules for expressing program transformations.
Hannan (1993) explains that this simplicity has the advantage of yielding straightforward
and efficient implementations of the rules, but it also has the obvious disadvantage of
yielding specifications that contain primitive encoding of program transformations.

In our interprocedural alias, we need to specify side-effects on global variables and
pointers, and side-effects accomplished through parameter passing. Thus, we have extended
the natural semantics formalism. To simplify the presentation of the rules:

• We have used various set and relational operators to specify our program transformations.
The computations using these operators are not defined in the rules themselves, but before
the rules in a section called “definitions” (e.g. see figure 6).
• The links between nodes of abstract syntax trees (representing pieces of programs) and all

other data associated with specifications have been modeled in object diagrams. Instances
of the objects are data appearing in the rules, and arrows between objects are functions
applied to data appearing in the rules (e.g. see figure 4). Only the instances of some
objects (those that consist of other objects) of the diagram occur in the rules. The instances
of other objects and the arrows between objects are only defined in the diagrams.

Thus, in this paper, a specification consists of definitions of data, a natural semantics
rule (with data defined in the definition part) and an object diagram showing composition
links between the data of the rule. As there is no formal description of the semantics of
Fortran 90, we have first specified a dynamic semantics of Fortran 90. We have then specified
our partial evaluation and this specification is based on the specification of the dynamic
semantics.

1.4. Overview of the paper

The aim of this paper is to show how we have specified, proven and implemented our partial
evaluator, and especially our interprocedural alias analysis. Compared to our previous work
(Blazy and Facon, 1994; 1995; 1996):

• Our program analyses take into account an interprocedural alias analysis.
• The definition of our partial evaluation is based on a definition of the dynamic semantics

of Fortran 90.
• We have extended the natural semantics formalism to present higher-level specifications.
• We have implemented a graphical interface.

The rest of this paper is structured as follows. First, Section 2 recalls some concepts
of Fortran 90 and gives some definitions that are useful to understand our specifications.
Then, Section 3 specifies the dynamic semantics of call statements and pointers. Section 4
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specifies the partial evaluation of call statements. It shows how the propagation relation has
been derived from the dynamic semantics relation, and it presents the general framework for
proving the correctness of the partial evaluation. Section 5 is devoted to the implementation
of our tool.

2. Background and notations

This section gives a brief overview of the features of Fortran 90: procedures, common
blocks, structures, pointers and targets. Then, it defines set and relational opertors that will
be used in the specifications.

2.1. Fortran 90

The most interesting aspects of Fortran 90 for partial evaluation are the treatment of para-
meters, variables and structures, when they are passed between procedures (i.e. subroutines
or functions). In Fortran 90, procedures cannot be nested. Parameters may be modified in
procedures. Certain side effects are prohibited by the Fortran standard (e.g. the statement
X = F(I) + I is not allowed if the functionF changes the value ofI). Other side effects are
permitted, but the result of using them is not defined (i.e. it is processor dependent). Some
Fortran implementations use a call-by-value-result semantics. Other implementations use
a call-by-reference semantics (Aho et al., 1988). Both semantics are allowed by the Fortran
standard, and we have chosen to specify a call-by-value-result semantics.

Fortran 90 has no global storage other than variables in common blocks. Common blocks
represent contiguous areas of memory. The variables of common blocks are shared across
procedures. Common blocks are unusual for modern programming languages in that they
associate variables by location, rather than by name. Although the names of the common
blocks themselves are global, none of the variables within the common blocks are global.
Common blocks may also be inherited across procedure calls. Given a common block
CB declared in a procedureP, the rule of dynamic scoping forCB states thatCB can be
referred to, not only inP, but also in any procedure called from withinP, even ifCB is
not declared in such a procedure. If a common block is neither declared in the currently
executing procedure nor in any of the procedures in the chain of callers, all of the variables
in that common block are undefined.

A structure consists of a list of fields, each of some particular type. The field types
may include pointers to structures of the type being defined, of a type previously defined,
or of a type yet to be defined. A pointer may point to any object that has theTARGET
attribute, which may be any dynamically allocated object or a named object declared with
that attribute. When the statementNULLIFY(p) is executed, the pointerp becomesNULL.
In Fortran 90, a pointer should be thought of as a variable aliased to another data object
where the data is actually stored—the target (ANSI, 1992; Muchnick, 1997). There is no
pointer arithmetic in Fortran 90. There is no notation for representing pointed variables
(dereferencing is automatic in Fortran 90). We will then use a C-notation when needed for
clarity (e.g.∗(∗p.next)in figures 2 and 3).
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Figure 2. An example of Fortran 90 code.

Figure 2 shows a Fortran 90 program that defines a new type callednode. Thenode
type contains two fields:ident containing the value associated with the node, andnext
pointing to the next element of the list. Once two variablesp andq of type pointer tonode
have been declared, the values 3.4 and 6.2 are inserted in the list ofnodes in that order.
The insertion in the list modifies the three variablesq, p%identandq%ident.

The syntax of identifiers is specified by the abstract syntax of figure 3. An identifier is
either a simple identifier (e.g.v), or a compound left-hand side (e.g.∗p.next), or a pointer
dereference (e.g.∗p, ∗(∗p.next)). The set of simple variables identifiers of a procedure
is denoted byVarName. The set of left-hand sides is denoted byLhs. Among left-hand
sides are simple variables. Thus,VarName⊆ Lhs. The example in this figure shows the
connection between some concrete Fortran 90 variables and the corresponding abstract
syntax notations.

Figure 3. Abstract syntax rules and examples of links with concrete syntax.
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2.2. Definitions

Before going into the details of how to specify the dynamic semantics and the partial
evaluation, we define in this section some notation, especially set operators, that we use in
our specifications. We first introduce useful set operators, similar to those defined in the
formal specification languages B (Abrial, 1996) and VDM (Jones, 1990): mainly inverse
(−1), domain (dom), range (ran), union (∪), override (†), restriction (F, G and ––G), relation
composition (;1) and direct product (⊗). In the following definitionss denotes a set,r , p
andq denote binary relations,m andn denote maps (specific binary relations where each
element is related to at most one element). A binary relation is a set of pairs. Thus, classical
set operators such as union can also be applied to binary relations. For each operator that
we define, Table 1 shows through an example of how the operator can be used.

• r−1 = {x 7→ y | y 7→ x ∈ r }
• dom(r ) = {x | x 7→ y ∈ r }
• ran(r ) = {y | x 7→ y ∈ r }
• r † p = {x 7→ y | x 7→ y ∈ p

∨
(x 7→ y ∈ r

∧
x /∈ dom(p))}

• r F s= {x 7→ y ∈ r | y ∈ s}
• s G r = {x 7→ y ∈ r | x ∈ s}
• sC−r = {x 7→ y ∈ r | x /∈ s}
• r ; p = {x 7→ z | ∃y · x 7→ y ∈ r

∧
y 7→ z ∈ p}

• r ⊗ p = {x 7→ (y, z) | x 7→ y ∈ r
∧

x 7→ ż ∈ p}

When r and p are functions, their direct product is especially interesting when it is an
injective function. In this case, when a pair of the formx 7→ (y, z) belongs tor ⊗ p
then(y, z) determinesx uniquely, andx may be written (r ⊗ p)−1(y, z). The⊗ relation
generalizes naturally to more arguments.

Furthermore, we have defined an operator to bind variable names of a common block
to their corresponding values. Given s a set of pairs of maps (e.g.s is of the form

Table 1. Examples of notations.

Operator Example

−1 {1 7→ a, 3 7→ u}−1 = {a 7→ 1, u 7→ 3}
dom dom({1 7→ a, 3 7→ u}) = {1, 3}
ran ran({1 7→ a, 3 7→ u}) = {a, u}
† {1 7→ a, 3 7→ u} † {1, 7→ b, 2 7→ d} = {1 7→ b, 2 7→ d, 3 7→ u}
F {1 7→ a, 3 7→ u} F {a, b} = {1 7→ a}
G {1, 2} G {1 7→ a, 3 7→ u} = {1, 7→ a}
G− {1, 2} G− {1 7→ a, 3 7→ u} = {3, 7→ u}
; {1 7→ a, 3 7→ u}; {a, 7→ 67, b 7→ 26} = {1 7→ 67}
⊗ {1 7→ a, 3 7→ u} ⊗ {1 7→ b, 2 7→ d, 3 7→ z} = {1 7→ (a, b), 3 7→ (u, z)}
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{m1 7→ n1,m2 7→ n2,m3 7→ n3, . . .}, wherem1, n1,m2, n2,m3, n3, . . . are maps), we
define:

Corres(s) =
⋃
{m−1; n |m 7→ n ∈ s}.

Variables of common blocks are shared among procedures (their values are inherited in each
called procedure) but their names may change in each procedure. Thus, each pairm 7→ n of
s corresponds to a common block.m andn map integers (the position in the list of declared
variables of the common block) to respectively variable names and values.m−1; n is then
a map from variable names to values andCorres(s) is the union of all such maps.

In the following example, the declaration of two common blocksB andC is represented
by the mapComDecl. At the current program point, the values of variables belonging to
common blocks are given by the mapComVal. ComValstates that:

• the value of the first variable ofB is 0 and the value of the other variable ofB is unknown
(this variable is not represented in the mapComVal),
• the value of the first variable ofC is 0.5, the value of the second variable ofC is unknown,

and the value of the third variable ofC is 6.2.

In the current procedure, the variables ofB aret andu, and the variables ofC arex, y andz.
Thus, at the current program point, the map from these variables to their values isCorres(s).

EXAMPLE. COMMON B / t, u
COMMON C / x, y, z

ComDecl= {B 7→ {1 7→ t, 2 7→ u},C 7→ {1 7→ x, 2 7→ y, 3 7→ z}}
ComVal= {B 7→ {1 7→ 0},C 7→ {1 7→ 0.5, 3 7→ 6.2}}

If s = ComDecl−1; ComVal then

s= {{1 7→ t, 2 7→ u} 7→ {1 7→ 0}, {1 7→ x, 2 7→ y, 3 7→ z} 7→ {1 7→ 0.5, 3 7→ 6.2}}
and Corres(s) = {t 7→ 0, x 7→ 0.5, z 7→ 6.2}

3. Specification of the dynamic semantics

This section details the specification of the dynamic semantics of two kinds of statements:
call statements and assignments between pointers. The dynamic semantics of assignments
between targets and pointers is specified in a similar way, but is not presented in this paper.
Each specification is presented in two sections: the first section details an object diagram
and the second section gives definitions and natural semantics rules. These rules use data
that are defined either in the object diagram or in the definitions.
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Figure 4. The state and the environment of a procedure.

3.1. Object diagram representing programs

The dynamic semantics specifies how procedures are executed. To execute a call statement
we execute the body of the called procedure. This means that we have to keep track of the
association of procedures 1) with their bodies and also 2) with the values of their variables.
Thus, in figure 4, we define two objects for representing a Fortran 90 procedure:

1. an environment (called Env in figure 4), that represents what does not vary during the
analysis of the procedure (formal parameters, common block variables that have a scope
in the current procedure, local variables and statements),

2. a state (called State in figure 4) modeling relations between variables and values at
the current program point. When a procedure is analyzed, each analysis of a statement
updates the state of the procedure. An object State (calledS) consists of two objects:
val(S) andcomVal(S). val(S) maps variables to values andcomVal(S) maps common
blocks to the known values of their variables. Since in common blocks, values are shared
between two variables simply by the fact that they occupy corresponding positions within
the same common block, these values are modeled differently from the values of other
variables. In figure 4 these values are represented by the object called “Value of common
block variables” that is accessed from State through thecomValfunction.

The diagram of figure 5 extends the diagram of figure 4, to model the whole data that
represent procedures. In figure 5, the object called Procedure denotes a called procedureSP

Figure 5. Object diagram showing data propagated during an interprocedural analysis.
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at a given program point. FromSP, we have access to its environmentenvironment(SP),
its statevalues(SP), but also to its inherited common blocksinherits(SP) and its name
name(SP). This name belongs to ProcName, that denotes the set of procedure names that
are used in the current application program.

An instance of the diagram of figure 5 represents information for all procedures that
are called from a main program (or from one of its called procedures). It shows the bind-
ings between procedure names and their corresponding statements. The objects of the
instance are never modified by the sequents. Thus, the instance is an implicit parameter of
the dynamic semantics and partial evaluation systems, to simplify the presentation of the
rules.

3.2. Natural semantics rule for the dynamic semantics of a call statement

The dynamic semantics of Fortran 90 is formalized by thesemsystem of inference rules,

that generates sequents of the formE, S, Cl
sem
` l : S′, meaning that given an environmentE,

a stateS and inherited common blocksCl, the execution of statementl leads to the values
given by the stateS′. E, S andCl are the hypotheses of the sequent. Figure 6 shows the
dynamic semantics rule for a call statementCALL SP (LParam). SP is the name of the
called procedure andLParam is a map from positions to the actual parameters ofSP at
the current program point. The rule specifies a call-by-value-result dynamic semantics.

The beginning of figure 6 illustrates through an example which data are propagated during
the execution of statements with respect to the dynamic semantics rule of the figure. In this
example, these statements are located at the program pointsα, β, γ andδ. The execution of
the call statement starts with a forward propagation through the call graph (from program
pointα to program pointγ ) followed by a backward propagation (from program pointδ to
program pointβ). The forward propagation aims at giving new values to formal parameters
and common blocks variables of the called procedureSP. These values areval(S) (values
of variables) andcomVal(S) (values of common blocks). The backward propagation aims
at giving new values to the actual parameters of the called procedure and to the variables
belonging to common blocks of the caller that have a scope in the called procedure.

In the definitions part of the figure, some definitions are factorized to simplify the pre-
sentation of the dynamic semantics rule. They introduce some macros used in specifying
the dynamic semantics rule. In the definitions, the1 symbol means “by definition”. The
first definition definesEnvSP, the environment of the procedure namedSP. name−1 yields
an object Procedure from an object ProcName (see figure 5). Thus, sinceSP is a procedure
name,name−1(SP) represents the procedure whose name isSP andEnvSP is defined as the
environment of this procedure.

In the rest of Section 3.2, we describe each of the macros in more detail. To describe
the macros, we follow the execution order of the statements. The first five macros compute
the values that are transmitted to the called procedureSP. The general idea is that the
macros update the initial stateS and inherited common blocksC so that when executing
the statements ofEnvSP, the data declared inSP will be available and the side-effects will
be taken into account. The macros detailed in the last subsection compute the values that
SP transmits back to the call site that invoked it.
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Figure 6. Dynamic semantics of a call statement.

3.2.1. Computation ofVFormal (values of formal parameters at program pointγ). For-
mal (resp. actual) parameters are represented by maps between positions and names (resp.
values) of the parameters. In figure 6, these maps are respectivelyformal(EnvSP) and
LParam.

• ( formal(EnvSP))−1 maps the names of the formal parameters ofSP to their positions,
• LParam; val(S) is the result of the evaluation of the actual parameters at the program

pointα. It maps the names of the actual parameters to their current values.
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• Thus, (formal(EnvSP))−1; LParam; val(S) maps the names of the formal parameters of
SP to their initial values, i.e. the values of actual parameters at the program pointα.

3.2.2. Computation ofVComCalled (values of common blocks at program pointγ).
Variables belonging to a common block are represented by a map between positions in the
common block and variable names. The values of the variables that belong to the common
blocks of the calling procedure are also transmitted to the corresponding variables (they
share a same position in the common blocks). Thus,

VComCalled1Corres((comDecl(EnvSP))−1; comVal(S))

is a list of pairs (variable of a common block declared inSP, value) (see the example of
Section 2.2), and it is an instance of the object called “Value of common blocks variables”
in figure 5.

3.2.3. Computation ofInputVar (values of variables at program pointγ). The variables
of SP (and their initial values) are:

• variables of the calling procedureP that have a scope inSP. These are the current static
variablesval(S).
• formal parameters and variables of common blocks that are declared inSP (i.e.

VFormal†VComCalled): in SP, if a formal parameter is also declared in a common
block, then its value is the value given by the common block.

The restriction between the two mapsVFormal†VComCalled and localVar(E) ––G val(S)
models scope rules between procedures. The resulting mapInputVar belongs to the object
called Value in figure 5.

3.2.4. Computation ofS1 (known values at program pointγ). val⊗ comValis an injective
function:

• Any stateState represents at least one program point, where values of some variables
are known. These values are precisely given by the pair of maps (val⊗ comVal)(State).
Thus,val⊗ comValis a total function.
• Given two statesS1 andS2, (val⊗ comVal)(S1)= (val⊗ comVal)(S2) means by defini-

tion of a pair thatval(S1) = val(S2) andcomVal(S1) = comVal(S2). This means that all
the values of static variables are the same, and that the static variables are also the same
in S1 andS2. Thus,S1 andS2 denote the same state.

We can then write (val⊗ comVal)−1(InputVar, VComCalled) to denote a State object for
SP, as explained previously (see Section 2.2). We call this stateS1.

3.2.5. Computation ofCl ′ (names of inherited common blocks at program pointγ). The
common blocksCl′ that are inherited bySP are those that have a scope in its caller except
those that are also declared inSP (these aredom(comDecl(EnvSP)), where the domain
of the mapcomDecl(EnvSP) yields the names of common blocks). The common blocks
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that have a scope in the caller are its declared common blocksdom(comDecl(E)) and its
inherited common blocksCl.

3.2.6. Premise of the inference rule.OnceS1 andCl′ have been computed, values have
been transmitted toSP and the forward propagation ends. The current program point isγ .
Then, the premise of the dynamic semantics rule is triggered. As indicated by this premise,
the statements ofSP are executed given the environment ofSP (EnvSP), its state(S1) and
inherited common blocks (Cl′), yielding a new State objectS2 for SP. S2 represents the
new values (for common blocks and parameters ofSP) that need to be transmitted to the
calling procedure.

3.2.7. Computations of the backward propagation (second part of definitions in figure 6).
Once the premise of the rule has been triggered, the analysis has reached program pointδ.
The known values are then transmitted back to the calling procedure: the mapsLParam
and comDecl(E) (from actual parameters and common blocks variables to their values)
are updated, yielding the final stateS′ of the caller. Similarly toVFormal in the forward
propagation,

VActual 1 LParam−1; formal(EnvSP); val(S2)

is a list of pairs (actual parameter, value of formal parameter). The definition ofVComCaller
(resp.OutputVar) is very close to the definition ofVComCalled (resp.InputVar).

SP has inherited the values of common blocks fromP. But, the values of some common
blocks ofSP are not backward propagated inP. These are the common blocks declared in
SP that do not have a scope inP. Thus, the definition ofS′ differs slightly from the definition
of S1. The valuesOutputComBlock of common blocks at program pointβ are the values
of common blocks at program pointδ (i.e. comVal(S2)), except for the common blocks
that we callCB that are declared inSP and that do not have a scope inP. This means that
OutputComBlock is defined as follows:

OutputComBlock 1 CB ––G comVal(S2)

Among the common blocks declared inSP (i.e. dom(comDecl(EnvSP))), CB represents the
common blocks that are neither declared inP, nor inherited byP (from one of its callers).
Thus,CB is defined as follows:

CB 1 dom(comDecl(EnvSP))− (dom(comDecl(E)) ∪ Cl)

and the valuesOutputComBlock of common blocks at program pointβ are:

[dom(comDecl(EnvSP))− dom(comDecl(E)) ∪ Cl)] G−comVal(S2).

3.3. Object diagram representing pointers

As Nielson and Nielson (1992), we define two kinds of maps for representing pointers: a
variable environment that associates a location with each variable, and a store that associates
a value with each location. The variables are represented by locations in stores. The set of
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Figure 7. Dynamic semantics of some variables.

values of variables that have a scope in a given procedure is denoted byValue. It is a subset
of VALUE, the syntactic category representing values of variables. The set of locations of
a given procedure is denoted byLocation. The dynamic semantics of pointers is modeled
by the following functions, which are formally defined in figure 7:

• LocOf maps (simple) identifiers to their locations.
• The mapLocOfGenextends theLocOf map to left-hand sides and dereferences. The

location of a pointed record is the location of its first field.
• The mapStorerepresents the aliases between variables and their values. These values

belong either to the setValueor to the setLocation. For instance:

– If the value of a variablei is 3.4, then in the store this information is modeled by a pair
(location ofi , 3.4), where 3.4 belongs toValue.

– If a pointerp points to a target∗q, then in the store this information is modeled by a
pair (location ofp, location ofq).

If a pointer isNULL, it does not point to anything, and thus it is not represented in the
Storefunction. Thus,Storeis a partial function.
• given the location of a recordr and a fieldf , accessFieldyields the location ofr.f . This

is a partial function since only record names with their corresponding fields may have a
location.

In figure 7, the operatorsderef andfield lhs belong to the Fortran abstract syntax (see
figure 3).

The functionval mapping variables to their known values (see figures 4 and 5) has been
split into two mapsLocOfGenandStore. It is now defined as follows:

val1 LocOfGen;StoreF VALUE

This means that to determine the value of a variablei we shall first determine the location
l = LocOfGen(i ) associated withi , and then determine the valueStore(l ) associated with
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the locationl . As Store(l ) is either a location or a value, the mapLocOfGen; Store is
restricted to possible values.

The information about the locations to which a pointer points is modeled bypointsTo.
pointsTois a map from pointers to their targets, that is defined as follows:

pointsTo1 LocOfGen;Store; LocOfGen−1

Example. If we consider a program point where a pointerp points to a target∗q, a pointer
r points to a memory cell whose location is denoted byloc and there is no other pointer,
then at this program point, we will havepointsTo= {p 7→ deref(q), r 7→ loc}.

Figure 8 represents in diagrammatic form the linked list created by the statements of
figure 2. It also shows the dynamic semantics of the corresponding statements. All pointer
chaining is resolved before the last two assignments, so any node can be referred to directly
by its location. Each node has been dynamically allocated. Thus, each node has a unique
location, as shown in the mapLocOfGen. The definition of this map is illustrated in the
second part of figure 8, where the location ofp%next%ident is computed. The last part of
figure 8 details the mapsval andpointsTo:

• val states that the value of∗p is 3.4 and the value of∗((∗p).next)is 6.2.
• pointsTostates thatp points to∗p andq points to∗((∗p).next).

Figure 9 models all of the data that are propagated during the execution of any statement.
It extends figure 5 by showing functions modeling pointer variables. The mapsLocOfGen
andStoreare denoted by two objects that are accessed from the object called State. Values
of variables are now given by thestore function. Thus, the object called State may be
considered as a tripletstate(set of locations, set of stores, set of values for variables of
common blocks), wherestatedenotes a constructor of occurrences of this object.

3.4. Natural semantics rule for the dynamic semantics of assignments between pointers

Figure 10 shows the dynamic semantics of a pointer assignmentp⇒ q, given two pointers
p andq, an environmentE, a stateS and inherited common blocksCl (same hypotheses as in
the rule for a call statement). The execution of the assignment modifies only locations and
stores. This means that it updates only the current stateS. The current locations and stores
are respectivelyL1 locOfGen(S) andST1 store(S). The dynamic semantics expresses that
L andSTare updated by the alias introduced by that assignment.

Before the execution of the assignmentp ⇒ q, one of the following three situations
arises:

1. q is notNULL and points to a target,
2. q is NULL,
3. q is notNULL and does not point to any target.
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Figure 8. An example of linked list.
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Figure 9. Object diagram showing data propagated during the execution of a procedure.

These three situations are modeled by the three dynamic semantics rules of figure 10. The
first rule is triggered whenq points to a target∗q. This happens only ifq∈ dom(pointsTo(S)).
In this case, whenp is assigned to the value ofq:

• p points to∗q. The value in the store at the location ofp (i.e. ST(L(p))) becomes the
location ofq (i.e. L(q)), yielding a new map of locationsL1.
• the location of∗p becomes the location of∗q, ST(L(q)), yielding a new map of storesST1.

A new stateS1 is then created from the three componentsL1, ST1 andcomVal(S). This
creation is very close to the creation of the statesS1 andS’ in the dynamic semantics of
call statements (Section 3.2).

In the second rule,q has theNULL value. This means thatq /∈ dom(store)(S) (see
Section 3.3) and thus by definition ofpointsTo, q /∈ dom(points To(S)). In this case,∗p has
no location anymore.ST becomes{L(p)} ––G ST. A new stateS2 is created from this new
store and from the two other components that have not changed.

In the third rule, there is no location pointed byq. Then, the maps of locations and stores
are restricted in the following way:

• p does not point to any location.L becomes{deref(p)} ––G L.
• ∗p has no location anymore. As in the second rule,ST becomes{L(p)} ––F ST.

4. Specification of the partial evaluation

This section shows through an example how the specification of the partial evaluation is
derived from the specification of the dynamic semantics. There are two main differences
between the dynamic semantics and the partial evaluation. First, in the partial evaluation,
some variables have unknown values. Second, to improve the partial evaluation, specialized
procedures are reused as often as possible. The example presented in this section concerns
the partial evaluation of call statements.
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Figure 10. Dynamic semantics of a pointer assignment.

As in the dynamic semantics, the specification is presented in two parts: the first part de-
tails the object diagram representing specialized versions (i.e. procedures that have already
been specialized), and the second part gives the natural semantics rules that specify the par-
tial evaluation of call statements. The section ends with a sketch of a proof of correctness
of the partial evaluation.

4.1. Object diagram representing specialized versions

Specialization proceeds depth-first in the call-graph to preserve the order of side-effects.
Thus, the specialization of a call statement first runs the specializer on the called



364 BLAZY

Figure 11. Object diagram modeling specialized versions.

procedureSP. This yields a specialized version ofSP and the call statement is replaced by
a call to this specialized version. A procedure is specialized with respect to specific values
of some of its input data (its input static data). At the end of its specialization, the known
values of variables belong to its output static data, and a new name is given to the new
specialized version (if any).

The diagram of figure 11 models specialized versions. A procedureSP belongs to the
object called Procedure.SP represents the code of the whole procedure (its declarations
and its statements). The specialized versions ofSP belong to the object called Version.
They are represented by the setversion(SP). A specialized versionv of SP consists of
a name for this version (nameversion(v)), input static data (input(v)), output static data
(output(v)) and statements (stmt version(v)). This is equivalent to saying that a version is
represented by a quintuplet (name of original procedure, version name, input data, output
data, statements). The version and its corresponding procedure have the same arity. Thus,
the procedure and the version have the same formal parameters. The name of the version
is a name that could be the name of a procedure.

To improve the specialization, specialized versions of procedures are reused. Thus, given
a set of specialized procedures, when a call to a procedureSP is encountered in the current
procedure (e.g.CALL SP(x, y, z)), if the set of input static data ofSP and their values
(e.g.x evaluates to1, y evaluates to2 and the value ofz is unknown):

• is the same as those of a previous call, then the corresponding version is directly reused,
• strictly includes those of a previous call (e.g.CALL SP(a,b,c) where a evaluates to1

and the values ofb andc are unknown), then the corresponding version is specialized
yielding a new version that is added to the already specialized versions. If several versions
match, the following selections are successively made:

– most specialized versions, that is the versions with the largest set of input static data,

– shortest version among most specialized versions.

The partial evaluation of a program is an analysis that propagates:
• the same data as the dynamic semantics (environment, state and inherited common

blocks),
• specialized versions of already specialized procedures.

This means that in the sequents for partial evaluation, the data that are written at the left
of the turnstile are an environment (e.g.E), a state (e.g.S), some inherited common blocks
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Figure 12. Object diagram showing data propagated during partial evaluation.

(e.g. Cl), and also a set (e.g.V) of versions. These versions are procedures that have been
already called and then specialized.

Figure 12 shows data that are propagated during the partial evaluation. It extends figures 9
and 11. As in figure 5, an instance of the diagram of figure 12 (without the object Version) is
an implicit parameter of the sequents belonging to the partial evaluation system, to simplify
the presentation of the sequents. Except for the object Version that is treated separately and
appears in the sequents, the objects of the instance are never modified by the sequents.

4.2. Natural semantics rule for the partial evaluation

The inference rules for partial evaluation consist of sequents of the form

E,S,Cl,V
P E
` l 7→ l′,S′,V′

meaning that given the environmentE, the stateS, the inherited common blocksCl and
the set of specialized versionsV, the specialization of the statementI yields a simplified
statementl′, a new stateS′ and a new set of versionsV′. V′ is the union betweenV and
versions that have been created during the simplification ofl. The partial evaluation relation
PE is the combination of the propagation (propag) and simplification (simpl) relations.

The dynamic semantic propagates all values of variables through statements. The prop-
agation relation is close to the dynamic semantics relation except that it propagates only
known values of variables (with respect to the initial values given by the user). The infer-
ence rules for propagation build thepropagsystem. They consist of sequents of the form

E, S, Cl
propag
` l : S′ meaning that givenE, S and Cl, the execution of the statementl modifies

the initial stateS into the final stateS′. The inference rules for simplification consist of

sequents of the formE, S, Cl, V
simpl
` l ↪→ l′, V′ meaning that givenE, S, Cl andV, the

statementl simplifies into the statementl′ and the set of versionsV becomesV′.
In the sequel of this section, we detail the rules for the propagation and the simplification

of call statements. Then, we show how the rule for partial evaluation of call statements
combines the propagation and the simplification rules.
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4.2.1. Propagation of call statements.This section discusses how we have manually
derived the propagation of a call statement from its dynamic semantics. This process is
similar to the process described by Field, Ramalingam and Tip in (Field et al., 1995), where
program slicing algorithms have been automatically derived from semantic specifications,
using term rewriting systems.

Figure 13 specifies the propagation of a call statement to a procedureSP with a list
LParam of actual parameters, given an environmentE, a stateS and inherited common
blocksCl. E, S andCl are propagated through the statementCALL SP(LParam), and the
result of the propagation is a new stateS′.

As in the dynamic semantics, the propagation is composed of forward propaga-
tion followed by a backward propagation. Compared to the dynamic semantics, some
parameters and variables have unknown values. Formal parameters ofSP that have a
known value are denoted byStaticFormal. As in figure 6, the map from the formal

Figure 13. Propagation of call statements.
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parameters ofSP to the actual parameters of the current call statement is represented by
( formal(EnvSP))−1; LParam. Thepeval function either yields the value of an expression
(if it is known) or gives a residual expression (Blazy and Facon, 1994). Actual parameters
are also partially evaluated and simplified (e.g.x + 1+ y is simplified into the normalized
expression 3+x when the value ofy is 2 and the value ofx is unknown) but here evaluation
yields expressions whose values may be unknown. As our partial evaluation propagates
only equalities between variables and values, the resulting map is restricted to static formal
parameters (i.e. formal parameters that have been totally evaluated).

In like manner, during the backward propagation process,StaticActual is computed in
the following way:

1. LParam−1; formal(EnvSP) is a map of pairs (actual parameter, corresponding formal
parameter).

2. Formal parameters are evaluated with respect to the known values at the end of the
propagation inSP.

3. Dynamic actual parameters (they map to an expression whose value is unknown e.g.
z= a−2 withaunknown) are removed from the map. The resulting map isStaticActual.

Actually, the computations are the same as the dynamic semantic, except the computations
of StaticFormal and StaticActual. The differences come from the evaluation of parame-
ters. Blazy and Facon (1996) give examples of expressions propagated through called
procedures.

4.2.2. Simplification of call statements.Figure 14 specifies the simplification of a call
statement when the name of the called procedure isSP. The simplification rule:

• simplifies the statements of the called procedure (first premise of the rule),
• propagates data through these simplified statements (second premise),
• creates a new version of the called procedure (third premise).

In figure 14,V denotes the initial set of already specialized versions. As these versions
are maintained (following the strategy introduced in Section 4.1), the implementation of
the simplification rule has been optimized (see (Blazy and Facon, 1996) for details) to take
into account the cases when:

• the called procedure has already been specialized with respect to the same static data,
• the most specialized version of the called procedure is not as specialized as wanted.

As for the dynamic semantics, the simplification process starts with the computation
of a new stateS1 and new inherited common blocksCl′ (definitions of figure 14). These
definitions are given in figure 13 and thus, they are not repeated in figure 14. As explained
previously in the dynamic semantics,S1 represents the set of initial static variables ofSP
andCl′ represents the inherited common blocks ofSP.
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Figure 14. Simplification of call statements.

Then, givenEnvSP, S1 andCl′, the statements of the called procedureSP are simplified
intoStmtV′, yielding an updated set of specialized versionsV′ (first premise).V′ is the union
of V and the versions that have been created during the simplification of the statements
of SP. Then,EnvSP, S1 andCl′ are propagated through these simplified statementsStmtV′,
yielding a new stateS2 for SP (second premise). A new name (NewName) is created for
StmtV′ (third premise). This new name is a possible name that is not already a procedure
name:

NewName ∈ PROCNAME− ProcName.

The call toSP is replaced by the call toNewName with the same parameters (no unfolding).
The new specialized versionNewVersion is also added among specialized versions ofSP
(conclusion of the rule). This new version is the quintuplet (name of original procedure=
SP, version name= NewName, input data= S, output data= S2, statements= StmtV′).

4.2.3. Partial evaluation. Given an environmentE, a stateS, inherited common blocks
Cl, and specialized versionsV, the partial evaluation of a call statement combines the
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Figure 15. Partial evaluation of call statements.

propagation ofE, S andCl through this statement and the simplification of this statement.
Figure 15 shows how the partial evaluation of a call statement yields a new call statement
(with the same actual parameters), a new state and a new set of specialized versions.

4.3. Correctness of the partial evaluation

The natural semantics rules that specify partial evaluation define inductively a formal system
(PE), that groups the propagation (propag) and the simplification (simpl) systems. Propa-
gated data and simplified statements are built up by applying the natural semantics rules.
To prove that the partial evaluation system is correct means proving that it is sound (each
result of a residual program is correct with respect to the initial program) and complete
(each correct result is computed by the residual program, too) with respect to the dynamic
semantics of Fortran 90 given in Section 3. The derivation of the partial evaluation rules
from the dynamic semantics rules has facilitated the proof of correctness. The dynamic
semanatics rules are not proved: they are supposed to defineex nihilo the semantics of
Fortran 90.

Figure 16 gives the general schema to prove the correctness of the partial evaluation.
Given an initial procedureP, its environmentE represents its syntax, and its inherited
common blocksCl can be computed from its call graph. Initially, not a single specialized
version has been created. Given some valuesS0 for known input data, partial evaluation of
P yields a residual procedureP′. Let a stateS′ and a set of specialized versionsV′ be such

that the sequentE, S0, Cl, [ ]
P E
` P 7→ P′,S′,V′ holds in the partial evaluation system (PE).

In this sequent [ ] denotes the initial and empty list of specialized versions. Given this
sequent, we want to prove that the partial evaluation is sound and complete with respect to

Figure 16. Correctness of the partial evaluation.
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the dynamic semantics (semsystem). This is expressed by the following property of partial
evaluation, where the implication⇐ (resp.⇒) states soundness (resp. completeness).

∀S, S1 : (E, S0 ∪ S, Cl
sem
` P : S1⇔E, S0 ∪ S,Cl

sem
` P′ : S1).

S denotes the values of dynamic input variables (initially, their values are unknown).
Such variables are the remaining input data onceS0 has been given by the user. Thus,
S0 ∪ S denotes the values of the whole input variables. To prove in thesemsystem this
property on programs, we prove it for any Fortran 90 statement we simplify (i.e. for any
rule of the partial evaluation system). Such a proof proceeds by structural induction on the
Fortran 90 abstract syntax: the proof that the partial evaluation of a compound statement
such asIF c THEN i 1 ELSE i 2 is correct is done under the induction hypothesis that states
it is correct for the substatementsi1 andi2. The proof for some simple simplifications of
statements has been given in Blazy and Facon (1995).

Our approach to prove the correctness of partial evaluation is close to the approach of
Despeyroux (1986) to prove the correctness of translators: in that paper, dynamic semantics
and translation are both given by formal systems and the correctness of the translation with
respect to dynamic semantics of source and object languages is also formalized by inference
rules that are proved by induction on the length of the derivation of the translated terms.
However, as we are concerned with only one language (Fortran 90), to simplify our proofs
we do not deal with the validity of inference rules in the union of several formal systems
(expressing the dynamic semantics of two langages and the translation from one language to
the other). Furthermore, we do not need rule induction for all our proofs, but only structural
induction and sometimes induction on derivations (to handle loops).

As an example, we give here the guidelines for proving by structural induction the
soundness of the partial evaluation of a call statementCALL SP(LParam). The partial
evaluation of this statement generates a call statement to a different procedureSP′, butSP′

is called with the same actual parameters asSP (i.e. LParam). Figure 17 gives the soundness
rule to prove. This rule is proved under the induction hypothesis that the partial evaluation
of the statements ofSP is sound. The partial evaluation of this statement generates a call
statement to a different procedureSP′, butSP′ is called with the same actual parameters as
SP (see Section 4.2.3).

Figure 17. Soundness rule for a call statement.
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Given the two sequents of the premise of the rule given in figure 17, we have to prove
that given the same input valuesS0 ∪ S, the call statement of the source program yields the
same output valuesS′′. This is expressed by the conclusion of the rule. It will then prove
the soundness of the partial evaluation of the call statementCALL SP(LParam) and of the
specialized versions ofSP. This is proved in two stages.

1. First, no data declaration is modified during the partial evaluation. Thus, both procedures
SP andSP′ have the same formal parameters and the same data declarations. It follows
that given input valuesS0 ∪ S the data declarations ofSP yield the same values as the
declarations ofSP′.

2. Second, we assume that the induction hypothesis on the simplified statements ofSP
holds, and deduce that the new version and the statements ofSP are sound as required.

5. The tool

We have implemented our partial evaluator on top of a kernel that has been generated by the
Centaur system (INRIA, 1994). The Centaur system is a generic programming environment
parametrized by the syntax and semantics of programming languages. When provided with
the description of a particular programming language, Centaur produces a language-specific
environment. The intermediate format for representing program text is the abstract syntax
tree. We have merged two specific environments (one dedicated to Fortran 90 and another to
a language that we have defined for expressing the scope of general constraints on variables)
into an environment for partial evaluation. This environment consists of structured editors
for constraints and Fortran 90 procedures (provided by Centaur), a partial evaluator, to-
gether with an uniform graphical interface. Figure 18 shows the architecture of our tool, its
inputs and outputs. Given a file of constraints and an initial program represented by several

Figure 18. Architecture of the partial evaluator.
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Fortran 90 files, the tool generates the program specialized with respect to these constraints
and the corresponding final constraints.

The formal specifications have been implemented in a language provided by Centaur
called Typol. Typol is an implementation of natural semantics. Typol programs are com-
piled into Prolog code. When executing these programs, Prolog is used as the engine of
the deductive system. Set and relational operators as definitions have been written directly
in Prolog in order to develop succinct and efficient Typol rules (Dubois and Sayarath,
1996). Thus, the Typol rules operate on the abstract syntax and they are close to the formal
specification rules as shown in Blazy and Facon (1994). The partial evaluation process
transforms an initial abstract syntax tree (representing the initial Fortran procedures and
constraints) into a residual abstract syntax tree (representing the specialized code and the
final constraints).

The abstract syntax used to describe Fortran 90 is general and close to the abstract syntax
of any imperative language. For instance, to be more general, our specifications assume a
dereferencing operator that does not exist in Fortran 90. The only peculiarities of Fortran 90
are the parameter passing (by reference only) and the use of common blocks instead of global
variables. Except the corresponding specification rules, other rules are abstract enough to
be the rules of any other imperative language (without recursion).

We have implemented a graphical interface to facilitate the exploration of Fortran 90
application programs (Vassallo, 1996). It has been written in Lisp, enhanced with structures
for programming communication between graphical objects and processes. Different kinds
of information are important for the user. At the beginning of the partial evaluation process,
the user selects an initial application program (usually consisting of several Fortran files)
and some constraints related to variables defined in any of the Fortran procedures. Then, the
user runs the partial evaluator on his application program and constraints. Several partial
evaluation processes can be run at once. Partial evaluation produces:

• the specialized application program (it has the same structure than the initial application
program) and the links between this application program and the initial one,
• the specialized versions of called procedures and the links with the initial and final

application programs,
• the final values of the variables whose initial values have been given by the user,
• the final values of other variables if they are known,
• information that is computed during the partial evaluation but that is not very important

for most users (e.g. initial values of formal parameters before the partial evaluation of a
called procedure).

The graphical interface organizes this information into different displays so that it is
useful to the user. It allows the user:

• to identify specific nodes in abstract syntax trees (e.g. called procedures) as they are
specifically colored,
• to display by default only the most important information,
• to trigger the display of other information when needed.
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Figure 19. Partial evaluation of a Fortran 90 application (with reuse of specialized versions).

For instance, the specialized versions of a called procedureP are displayed only when
the user clicks on a call statement toP. In the same way, the final values of propagated data
are not displayed automatically.

Figure 19 presents the graphical interface. In this example:

• The three windows in the upper left corner show that the user has selected the files called
ex1.f, ex2.f andex3.f. They define the application program to specialize.
• The window below these three windows shows that the user has clicked in one of the three

previous windows to choose the constraints related to these three windows. In figure 19
the constraints are written in the file calledex.constraints.
• The window in the lower left corner (called “Centaur messages”) displays warning mes-

sages. In the example, the messages have been displayed when the user has asked for the
display of a specialized version that does not exist. Error messages are also displayed,
for instance when the user has forgotten to select constraints related to an initial program.
• The two windows in the upper right corner show that partial evaluation has been triggered

(by a click in any of the three Fortran windows or in the constraints window). The
first window resulting from the partial evaluation (called “Initial program” in figure 19)
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displays all the procedures to specialize. The second window displays (below the previous
one in the figure) all the specialized procedures.
• The lower right window displays the specialized versions of the proceduresp1 (e.g. in

the window called “Specialized versions of sp1” in figure 19). The display of this window
has been triggered by a click on the call statement toSP1 in any of the Fortran windows.

Figure 19 shows only one partial evaluator running on a constraints file and a Fortran
application program made of three Fortran files. In figure 19, this partial evaluator is
numbered SFAC(1) (this number is written in the title of the “Initial programs” window).
But, several partial evaluations can also run in parallel. This is very useful when for instance
the user needs to compare the results of the partial evaluation of an application program
with several constraints files.

6. Conclusion

This paper has presented an approach to the understanding of application programs during
their maintenance. The approach relies on partial evaluation, a technique that we have
adapted to program understanding. The partial evaluation performs an interprocedural
pointer analysis. We have formally specified our partial evaluation process and we have
derived the propagation rules from the dynamic semantics rules, also expressed in natural
semantics. In these specifications, inference rules in natural semantics show only how
statements are simplified from data propagation and simplification of other statements.
To clarify the presentation of the natural semantics rules, we have used set and relational
operators to express outside the rules the computations on propagated data. Some of these
data are not introduced directly in the dynamic semantics rules. They are accessed from
other data, according to the object diagram that we have defined.

From the specifications, we have proven by induction the correctness of the partial
evaluation with respect to a dynamic semantics of Fortran 90. This proof has been done
by hand. We are currently investigating an automatic proof of the correctness of the partial
evaluation.

A tool has been implemented from the specifications. A graphical interface has also been
implemented to visualize program dependencies (mainly between variables and values and
between reused versions of procedures). The tool has been tested at the EDF (the French
national company that produces and distributes electricity), that provided us with scientific
application programs (Blazy and Facon, 1994). The first results are very encouraging.
We are planning more empirical work to validate these preliminary results: we intend
to test other application programs using pointers extensively and to use metrics such as
the metrics defined in Carini and Hind (1995) to evaluate our interprocedural constant
propagation. Another current focus is in improving the analysis by propagating general
constraints between variables instead of only equalities between variables and values. To
this end, we could adapt the rules described in Bergstra et al. (1997).

Furthermore, partial evaluation is complementary to program slicing, another technique
for extracting code when debugging a program. Program slicing aims at identifying the
statements of the program which impact directly or indirectly on some variable values. We
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believe that merging partial evaluation (a forward walk through the call graph) and program
slicing (a blackward walk that can also be followed by a forward walk) would improve a
lot the simplification of programs.
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Note

1. We could have used the other symbol for composition◦ that is tantamount to ; since for any pair of binary
relationsr and p it is defined byp ◦ r = r ; p.
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Abstract. This paper presents the formal verification of a compiler
front-end that translates a subset of the C language into the Cminor
intermediate language. The semantics of the source and target languages
as well as the translation between them have been written in the speci-
fication language of the Coq proof assistant. The proof of observational
semantic equivalence between the source and generated code has been
machine-checked using Coq. An executable compiler was obtained by au-
tomatic extraction of executable Caml code from the Coq specification
of the translator, combined with a certified compiler back-end generating
PowerPC assembly code from Cminor, described in previous work.

1 Introduction

Formal methods in general and program proof in particular are increasingly being
applied to safety-critical software. These applications create a strong need for
on-machine formalization and verification of programming language semantics
and tools such as compilers, type-checkers and static analyzers. In particular,
formal operational semantics are required to validate the logic of programs (e.g.
axiomatic semantics) used to reason about programs. As for tools, the formal
certification of compilers—that is, a proof that the generated executable code
behaves as prescribed by the semantics of the source program—is needed to
ensure that the guarantees obtained by formal verification of the source program
carry over to the executable code.

For high-level programming languages such as Java and functional languages,
there exists a considerable body of on-machine formalizations and verifications
of operational semantics and programming tools such as compilers and bytecode
verifiers. Despite being more popular for writing critical embedded software,
lower-level languages such as C have attracted less interest: several formal se-
mantics for various subsets of C have been published, but few have been carried
on machine. (See section 5 for a review.)

The work presented in this paper is part of an ongoing project that aims at
developing a realistic compiler for the C language and formally verifying that it
preserves the semantics of the programs being compiled. A previous paper [8]
describes the verification, using the Coq proof assistant, of the back-end of this
compiler, which generates moderately optimized PowerPC assembly code from
a low-level, imperative intermediate language called Cminor. The present paper
reports on the development and proof of semantic preservation in Coq of a C
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front-end for this compiler: a translator from Clight, a subset of the C language,
to Cminor. To conduct the verification, a precise operational semantics of Clight
was formalized in Coq. Clight features all C arithmetic types and operators, as
well as arrays, pointers, pointers to functions, and all C control structures except
goto and switch.

From a formal methods standpoint, this work is interesting in two respects.
First, compilers are complex programs that perform sophisticated symbolic com-
putations. Their formal verification is challenging, requiring difficult proofs by
induction that are beyond the reach of many program provers. Second, proving
the correctness of a compiler provides an indirect but original way to validate the
semantics of the source language. It is relatively easy to formalize an operational
semantics, but much harder to make sure that this semantics is correct and cap-
tures the intended meaning of programs. Typically, extensive testing and manual
reviews of the semantics are needed. In our experience, proving the correctness
of a translator to a simpler, lower-level language detects many small errors in the
semantics of the source and target languages, and therefore generates additional
confidence in both.

The remainder of this paper is organized as follows. Section 2 describes the
Clight language and gives an overview of its operational semantics. Section 3
presents the translation from Clight to Cminor. Section 4 outlines the proof of
correctness of this translation. Related work is discussed in section 5, followed
by conclusions in section 6.

2 The Clight Language and Its Semantics

2.1 Abstract Syntax

The abstract syntax of Clight is given in figure 1. In the Coq formalization, this
abstract syntax is presented as inductive data types, therefore achieving a deep
embedding of Clight into Coq.

At the level of types, Clight features all the integral types of C, along with ar-
ray, pointer and function types; struct, union and typedef types are currently
omitted. The integral types fully specify the bit size of integers and floats, unlike
the semi-specified C types int, long, etc.

Within expressions, all C operators are supported except those related to
structs and unions. Expressions may have side-effects. All expressions and their
sub-expressions are annotated by their static types. We write aτ for the expres-
sion a carrying type τ . These types are necessary to determine the semantics
of type-dependent operators such as the overloaded arithmetic operators. Simi-
larly, combined arithmetic-assignment operators such as += carry an additional
type σ (as in (a1 +=σ a2)τ ) representing the result type of the arithmetic oper-
ation, which can differ from the type τ of the whole expression.

At the level of statements, all structured control statements of C (condi-
tional, loops, break, continue and return) are supported, but not unstruc-
tured statements (goto, switch, longjmp). Two kinds of variables are allowed:
global variables and local auto variables declared at the beginning of a function.
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Types:
signedness ::= Signed | Unsigned
intsize ::= I8 | I16 | I32
floatsize ::= F32 | F64
τ ::= Tint(intsize, signedness) | Tfloat(floatsize)

| Tarray(τ, n) | Tpointer(τ ) | Tvoid | Tfunction(τ∗, τ )

Expressions annotated with types:
a ::= bτ

Unannotated expressions:
b ::= id variable identifier

| n | f integer or float constant
| sizeof(τ ) size of a type
| opu a unary arithmetic operation
| a1 opb a2 | a1 opr a2 binary arithmetic operation
| *a dereferencing
| a1[a2] array indexing
| &a address of
| ++a | --a | a++ | a-- pre/post increment/decrement
| (τ )a cast
| a1 = a2 assignment
| a1 opb =τ a2 arithmetic with assignment
| a1 && a2 | a1 || a2 sequential boolean operations
| a1, a2 sequence of expressions
| a(a∗) function call
| a1 ? a2 : a3 conditional expression

opb ::= + | - | * | / | % arithmetic operators
| << | >> | & | | | ^ bitwise operators

opr ::= < | <= | > | >= | == | != relational operators
opu ::= - | ~ | ! unary operators

Statements:
s ::= skip empty statement

| a; expression evaluation
| s1; s2 sequence
| if(a) s1 else s2 conditional
| while(a) s “while” loop
| do s while(a) “do” loop
| for(a?

1, a
?
2, a

?
3) s “for” loop

| break exit from the current loop
| continue next iteration of the current loop
| return a? return from current function

Functions:
fn ::= (. . . id i : τi . . .) : τ declaration of type and parameters

{ . . . τj id j ; . . . declaration of local variables
s } function body

Fig. 1. Abstract syntax of Clight. a∗ denotes 0, 1 or several occurrences of syntactic
category a. a? denotes an optional occurrence of category a.
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Block-scoped local variables and static variables are omitted, but can be emu-
lated by pulling their declarations to function scope or global scope, respectively.
Consequently, there is no block statement in Clight.

A Clight program consists of a list of function definitions, a list of global
variable declarations, and an identifier naming the entry point of the program
(the main function in C).

2.2 Dynamic Semantics

The dynamic semantics of Clight is specified using natural semantics, also known
as big-step operational semantics. While the semantics of C is not deterministic
(the evaluation order for expressions is not completely specified and compilers
are free to choose between several orders), the semantics of Clight is completely
deterministic and imposes a left-to-right evaluation order, consistent with the
order implemented by our compiler. This choice simplifies greatly the semantics
compared with, for instance, Norrish’s semantics for C [10], which captures the
non-determinism allowed by the ISO C specification. Our semantics can therefore
be viewed as a refinement of (a subset of) the ISO C semantics, or of that of
Norrish.

The semantics is defined by 7 judgements (relations):

G, E � a, M
l⇒ loc, M ′ (expressions in l-value position)

G, E � a, M ⇒ v, M ′ (expressions in r-value position)
G, E � a?, M ⇒ v, M ′ (optional expressions)
G, E � a∗, M ⇒ v∗, M ′ (list of expressions)
G, E � s, M ⇒ out , M ′ (statements)

G � f(v∗), M ⇒ v, M ′ (function invocations)
� p ⇒ v (programs)

Each judgement relates a syntactic element (expression, statement, etc) and an
initial memory state to the result of executing this syntactic element, as well as
the final memory state at the end of execution. The various kinds of results, as
well as the evaluation environments, are defined in figure 2.

For instance, executing an expression a in l-value position results in a mem-
ory location loc (a memory block reference and an offset within that block),
while executing an expression a in r-value position results in the value v of
the expression. Values range over 32-bit integers, 64-bit floats, memory loca-
tions (pointers), and an undefined value that represents for instance the value of
uninitialized variables. The result associated with the execution of a statement s
is an “outcome” out indicating how the execution terminated: either normally by
running to completion or prematurely via a break, continue or return state-
ment. The invocation of a function f yields its return value v, and so does the
execution of a program p.

Two evaluation environments, defined in figure 2, appear as parameters to the
judgements. The local environment E maps local variables to references of mem-
ory blocks containing the values of these variables. These blocks are allocated



464 S. Blazy, Z. Dargaye, and X. Leroy

Values:
loc ::= (b, n) location (byte offset n in block referenced by b)
v ::= Vint(n) integer value

| Vfloat(f) floating-point value
| Vptr(loc) pointer value
| Vundef undefined value

Statement outcomes:
out ::= Out normal go to the next statement

| Out continue go to the next iteration of the current loop
| Out break exit from the current loop
| Out return function exit
| Out return(v, τ ) function exit, returning the value v of type τ

Global environments:
G ::= (id �→ b) map from global variables to block references

×(b �→ fn) and map from references to function definitions

Local environments:
E ::= id �→ b map from local variables to block references

Fig. 2. Values, outcomes, and evaluation environments

at function entry and freed at function return. The global environment G maps
global variables and function names to memory references. It also maps some
references (those corresponding to function pointers) to function definitions.

In the Coq specification, the 7 judgements of the dynamic semantics are en-
coded as mutually-inductive predicates. Each defining case of each predicate
corresponds exactly to an inference rule in the conventional, on-paper presenta-
tion of natural semantics. We have one inference rule for each kind of expression
and statement described in figure 1. We do not list all the inference rules by lack
of space, but show some representative examples in figure 3.

The first two rules of figure 3 illustrate the evaluation of an expression in l-
value position. A variable x evaluates to the location (E(x), 0). If an expression a
evaluates to a pointer value Vptr(loc), then the location of the dereferencing
expression (*a)τ is loc.

Rule 3 evaluates an application of a binary operator op to expressions
a1 and a2. Both sub-expressions are evaluated in sequence, and their values
are combined with the eval_binary_operation function, which takes as
additional arguments the types τ1 and τ2 of the arguments, in order to resolve
overloaded and type-dependent operators. This is a partial function: it can be
undefined if the types and the shapes of argument values are incompatible
(e.g. a floating-point addition of two pointer values). In the Coq specification,
eval_binary_operation is a total function returning optional values: either
None in case of failure, or Some(v), abbreviated as �v�, in case of success.

Rule 4 rule shows the evaluation of an l-value expression in a r-value context.
The expression is evaluated to its location loc, with final memory state M ′. The
value at location loc in M ′ is fetched using the loadval function (see section 2.3)
and returned.
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Expressions in l-value position:

E(x) = b
(1)

G, E � xτ , M
l⇒ (b, 0), M

G, E � a, M ⇒ Vptr(loc), M ′
(2)

G, E � (*a)τ , M
l⇒ loc, M ′

Expressions in r-value position:

G, E � aτ1
1 , M ⇒ v1, M1 G, E � aτ2

2 , M1 ⇒ v2, M2

eval binary operation(op, v1, τ1, v2, τ2) = �v�
(3)

G, E � (aτ1
1 op aτ2

2 )τ , M ⇒ v, M2

G, E � aτ , M
l⇒ loc, M ′ loadval(τ, M ′, loc) = �v�

(4)
G, E � aτ , M ⇒ v, M ′

G, E � aτ , M
l⇒ loc, M1 G, E � bσ, M1 ⇒ v1, M2

cast(v1, σ, τ ) = �v� storeval(τ, M2, loc, v) = �M3� (5)
G, E � (aτ = bσ)τ , M ⇒ v, M3

Statements:

G, E � break, M ⇒ Out break, M (6)

G, E � s1, M ⇒ Out normal, M1 G, E � s2, M1 ⇒ out, M2 (7)
G, E � (s1; s2), M ⇒ out, M2

G, E � s1, M ⇒ out, M ′ out �= Out normal
(8)

G, E � (s1; s2), M ⇒ out, M ′

G, E � a, M ⇒ v, M ′ is false(v)
(9)

G, E � (while(a) s),M ⇒ Out normal, M ′

G, E � a, M ⇒ v, M1 is true(v) G, E � s, M1 ⇒ Out break, M2 (10)
G, E � (while(a) s), M ⇒ Out normal, M2

G, E � a, M ⇒ v, M1 is true(v)
G, E � s, M1 ⇒ out , M2 out ∈ {Out normal, Out continue}

G, E � (while(a) s), M2 ⇒ out ′, M3 (11)
G, E � (while(a) s), M ⇒ out ′, M3

Fig. 3. Selected rules of the dynamic semantics of Clight

Rule 5 evaluates an assignment expression. An assignment expression aτ = bσ

evaluates the l-value a to a location loc, then the r-value b to a value v1. This
value is cast from its natural type σ to the expected type τ using the partial
function cast. This function performs appropriate conversions, truncations and
sign-extensions over integers and floats, and may fail for undefined casts. The
result v of the cast is then stored in memory at location loc, resulting in the
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final memory state M3, and returned as the value of the assignment expres-
sion.

The bottom group of rules in figure 3 are examples of statement executions.
The execution of a break statement yields an Out break outcome (rule 6). The
execution of a sequence of two statements starts with the execution of the first
statement, yielding an outcome that determines if the second statement must
be executed or not (rules 7 and 8). Finally, rules 9–11 describe the execution of
a while loop. Once the condition of a while loop is evaluated to a value v, the
execution of the loop terminates normally if v is false. If v is true, the loop body
is executed, yielding an outcome out . If out is Out_break, the loop terminates
normally. If out is Out_normal or Out_continue, the whole loop is reexecuted
in the memory state modified by the execution of the body.

2.3 The Memory Model of the Semantics

The memory model used in the dynamic semantics is described in [1]. It is a
compromise between a low-level view of memory as an array of bytes and a
high-level view as a mapping from abstract references to contents. In our model,
the memory is arranged in independent blocks, identified by block references b.
A memory state M maps references b to block contents, which are themselves
mappings from byte offsets to values. Each block has a low bound L(M, b) and a
high bound H(M, b), determined at allocation time and representing the interval
of valid byte offsets within this block. This memory model guarantees separation
properties between two distinct blocks, yet enables pointer arithmetic within a
given block, as prescribed by the ISO C specification. The same memory model is
common to the semantics of all intermediate languages of our certified compiler.

The memory model provides 4 basic operations:

alloc(M, lo, hi) = (M ′, b)
Allocate a fresh block of bounds [lo, hi). Returns extended memory M ′ and refer-
ence b to fresh block.

free(M, b) = M ′

Free (invalidate) the block b.
load(κ, M, b, n) = �v�

Read one or several consecutive bytes (as determined by κ) at block b, offset n in
memory state M . If successful return the contents of these bytes as value v.

store(κ, M, b, n, v) = �M ′�
Store the value v into one or several consecutive bytes (as determined by κ) at
offset n in block b of memory state M . If successful, return an updated memory
state M ′.

The memory chunks κ appearing in load and store operations describe con-
cisely the size, type and signedness of the memory quantities involved:

κ ::= Mint8signed | Mint8unsigned
| Mint16signed | Mint16unsigned small integers
| Mint32 integers and pointers
| Mfloat32 | Mfloat64 floats
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In the semantics of C, those quantities are determined by the C types of the
datum being addressed. The following A (“access mode”) function mediates
between C types and the corresponding memory chunks:

A(Tint(I8, Signed)) = By value(Mint8signed)
A(Tint(I8, Unsigned)) = By value(Mint8unsigned)
A(Tint(I16, Signed)) = By value(Mint16signed)

A(Tint(I16, Unsigned)) = By value(Mint16unsigned)
A(Tint(I32, )) = A(Tpointer( )) = By value(Mint32)

A(Tarray( , )) = A(Tfunction( , )) = By reference

A(Tvoid) = By nothing

Integer, float and pointer types involve an actual memory load when accessed,
as captured by the By_value cases. However, accesses to arrays and functions
return the location of the array or function, without any load; this is indicated
by the By_reference access mode. Finally, expressions of type void cannot be
accessed at all. This is reflected in the definitions of the loadval and storeval
functions used in the dynamic semantics:

loadval(τ, M, (b, n)) = load(κ, M, b, n) if A(τ) = By value(κ)
loadval(τ, M, (b, n)) = �b, n� if A(τ) = By reference
loadval(τ, M, (b, n)) = None if A(τ) = By nothing

storeval(τ, M, (b, n), v) = store(κ, M, b, n, v) if A(τ) = By value(κ)
storeval(τ, M, (b, n), v) = None otherwise

2.4 Static Semantics (Typing Rules)

We have also formalized in Coq typing rules and a type checking algorithm
for Clight. The algorithm is presented as a function from abstract syntax trees
without type annotations to the abstract syntax trees with type annotations over
expressions given in figure 1. We omit the typing rules by lack of space. Note that
the dynamic semantics are defined for arbitrarily annotated expressions, not just
well-typed expressions; however, the semantics can get stuck or produce results
that disagree with ISO C when given an incorrectly-annotated expression. The
translation scheme presented in section 3 demands well-typed programs and may
fail to preserve semantics otherwise.

3 Translation from Clight to Cminor

3.1 Overview of Cminor

The Cminor language is the target language of our front-end compiler for C and
the input language for our certified back-end. We now give a short overview of
Cminor; see [8] for a more detailed description, and [7] for a complete formal
specification.
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Cminor is a low-level imperative language, structured like our subset of C
into expressions, statements, and functions. We summarize the main differences
with Clight. First, arithmetic operators are not overloaded and their behavior
is independent of the static types of their operands. Distinct operators are pro-
vided for integer arithmetic and floating-point arithmetic. Conversions between
integers and floats are explicit. Arithmetic is always performed over 32-bit in-
tegers and 64-bit floats; explicit truncation and sign-extension operators are
provided to implement smaller integral types. Finally, the combined arithmetic-
with-assignment operators of C (+=, ++, etc) are not provided. For instance, the
C expression i += f where i is of type int and f of type double is expressed
as i = intoffloat(floatofint(i) +f f).

Address computations are explicit, as well as individual load and store op-
erations. For instance, the C expression a[i] where a is a pointer to int is
expressed as load(int32, a +i i *i 4), making explicit the memory chunk
being addressed (int32) as well as the computation of the address.

At the level of statements, Cminor has only 4 control structures: if-then-else
conditionals, infinite loops, block-exit, and early return. The exit n statement
terminates the (n + 1) enclosing block statements. These structures are lower-
level than those of C, but suffice to implement all reducible flow graphs.

Within Cminor functions, local variables can only hold scalar values (integers,
pointers, floats) and they do not reside in memory, making it impossible to
take a pointer to a local variable like the C operator & does. Instead, each
Cminor function declares the size of a stack-allocated block, allocated in memory
at function entry and automatically freed at function return. The expression
addrstack(n) returns a pointer within that block at constant offset n. The
Cminor producer can use this block to store local arrays as well as local scalar
variables whose addresses need to be taken.1

The semantics of Cminor is defined in big-step operational style and resembles
that of Clight. The following evaluation judgements are defined in [7]:

G, sp, L � a, E, M → v, E′, M ′ (expressions)
G, sp, L � a∗, E, M → v∗, E′, M ′ (expression lists)

G, sp � s, E, M → out, E′, M ′ (statements)
G � fn(v∗), M → v, M ′ (function calls)

� prog → v (whole programs)

The main difference with the semantics of Clight is that the local evaluation
environment E maps local variables to their values, instead of their memory ad-
dresses; consequently, E is modified during evaluation of expressions and state-
ments. Additional parameters are sp, the reference to the stack block for the
current function, and L, the environment giving values to variables let-bound
within expressions.

1 While suboptimal in terms of performance of generated code, this systematic stack
allocation of local variables whose addresses are taken is common practice for mod-
erately optimizing C compilers such as gcc versions 2 and 3.
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3.2 Overview of the Translation

The translation from our subset of Clight to Cminor performs three basic tasks:

– Resolution of operator overloading and explication of all type-dependent be-
haviors. Based on the types that annotate Clight expressions, the appropri-
ate flavors (integer or float) of arithmetic operators are chosen; conversions
between ints and floats, truncations and sign-extensions are introduced to
reflect casts, both explicit in the source and implicit in the semantics of
Clight; address computations are generated based on the types of array ele-
ments and pointer targets; and appropriate memory chunks are selected for
every memory access.

– Translation of while, do...while and for loops into infinite loops with
blocks and early exits. The statements break and continue are translated
as appropriate exit constructs, as shown in figure 4.

– Placement of Clight variables, either as Cminor local variables (for local
scalar variables whose address is never taken), sub-areas of the Cminor stack
block for the current function (for local non-scalar variables or local scalar
variables whose address is taken), or globally allocated memory areas (for
global variables).2

The translation is specified as Coq functions from Clight abstract syntax to
Cminor abstract syntax, defined by structural recursion. From these Coq func-
tions, executable Caml code can be mechanically generated using the Coq ex-
traction facility, making the specification directly executable. Several translation
functions are defined: L and R for expressions in l-value and r-value position,
respectively; S for statements; and F for functions. Some representative cases of
the definitions of these functions are shown in figure 4, giving the general flavor
of the translation.

The translation can fail when given invalid Clight source code, e.g. contain-
ing an assignment between arrays. To enable error reporting, the translation
functions return option types: either None denoting an error, or �x� denoting
successful translation with result x. Systematic propagation of errors is achieved
using a monadic programming style (the bind combinator of the error monad),
as customary in purely functional programming. This monadic “plumbing” is
omitted in figure 4 for simplicity.

Most translation functions are parameterized by a translation environment γ
reflecting the placement of Clight variables. It maps every variable x to either
Local (denoting the Cminor local variable named x), Stack(δ) (denoting a sub-
area of the Cminor stack block at offset δ), or Global (denoting the address
of the Cminor global symbol named x). This environment is constructed at
the beginning of the translation of a Clight function. The function body is

2 It would be semantically correct to stack-allocate all local variables, like the C0
verified compiler does [6,12]. However, keeping scalar local variables in Cminor local
variables as much as possible enables the back-end to generate much more efficient
machine code.
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Casts (Cσ
τ (e) casts e from type τ to type σ):

Cσ
τ (e) = C2(C1(e, τ, σ), σ)

C1(e, τ, σ) =

⎧
⎪⎨

⎪⎩

floatofint(e), if τ = Tint( , Signed) and σ = Tfloat( );
floatofintu(e), if τ = Tint( , Unsigned) and σ = Tfloat( );
intoffloat(e), if τ = Tfloat( ) and σ = Tint( , );
e otherwise

C2(e, σ) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cast8signed(e), if σ = Tint(I8, Signed);
cast8unsigned(e), if σ = Tint(I8, Unsigned);
cast16signed(e), if σ = Tint(I16, Signed);
cast16unsigned(e), if σ = Tint(I16, Unsigned);
singleoffloat(e), if σ = Tfloat(F32);
e otherwise

Expressions in l-value position:
Lγ(x) = addrstack(δ) if γ(x) = Stack(δ)

Lγ(x) = addrglobal(x) if γ(x) = Global

Lγ(*e) = Rγ(e)

Lγ(e1[e2]) = Rγ(e1 + e2)

Expressions in r-value position:
Rγ(x) = x if γ(x) = Local

Rγ(eτ ) = load(κ,Lγ(eτ )) if Lγ(e) is defined and A(τ ) = By value(κ)

Rγ(eτ ) = Lγ(eτ ) if Lγ(e) is defined and A(τ ) = By reference

Rγ(xτ = eσ) = x = Cτ
σ(R(eσ)) if γ(x) = Local

Rγ(eτ
1 = eσ

2 ) = store(κ,Lγ(eτ
1), Cτ

σ(R(eσ
2 ))) if A(τ ) = By value(κ)

Rγ(&e) = Lγ(e)

Rγ(eτ
1 + eσ

2 ) = Rγ(eτ
1) +i Rγ(eσ

2 ) if τ and σ are integer types

Rγ(eτ
1 + eσ

2 ) = Cdouble
τ (Rγ(eτ

1)) +f Cdouble
σ (Rγ(eσ

2 )) if τ or σ are float types

Rγ(eτ
1 + eσ

2 ) = Rγ(eτ
1) +i Rγ(eσ

2 ) *i sizeof(ρ) if τ is a pointer or array of ρ

Statements:
Sγ(while(e) s) = block{ loop{ if (!Rγ(e)) exit 0; block{ Sγ(s) }}}

Sγ(do s while(e)) = block{ loop{ block{ Sγ(s) }; if (!Rγ(e)) exit 0 }}
Sγ(for(e1; e2; e3) s) = Rγ(e1);

block{ loop{ if (!Rγ(e2)) exit 0; block{ Sγ(s) };Rγ(e3) }}
Sγ(break) = exit 1

Sγ(continue) = exit 0

Fig. 4. Selected translation rules

scanned for occurrences of &x (taking the address of a variable). Local vari-
ables that are not scalar or whose address is taken are assigned Stack(δ) loca-
tions, with δ chosen so that distinct variables map to non-overlapping areas of
the stack block. Other local variables are set to Local, and global variables to
Global.
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4 Proof of Correctness of the Translation

4.1 Relating Memory States

To prove the correctness of the translation, the major difficulty is to relate the
memory states occurring during the execution of the Clight source code and
that of the generated Cminor code. The semantics of Clight allocates a distinct
block for every local variable at function entry. Some of those blocks (those
for scalar variables whose address is not taken) have no correspondence in the
Cminor memory state; others become sub-block of the Cminor stack block for
the function.

To account for these differences in allocation patterns between the source and
target code, we introduce the notion of memory injections. A memory injection
α is a function from Clight block references b to either None, meaning that this
block has no counterpart in the Cminor memory state, or �b′, δ�, meaning that
the block b of the Clight memory state corresponds to a sub-block of block b′ at
offset δ in the Cminor memory state.

A memory injection α defines a relation between Clight values v and Cminor
values v′, written α � v ≈ v′ and defined as follows:

α � Vint(n) ≈ Vint(n) α � Vfloat(n) ≈ Vfloat(n) α � Vundef ≈ v

α(b) = �b′, δ� i′ = i + δ (mod 232)

α � Vptr(b, i) ≈ Vptr(b′, i′)

This relation captures the relocation of pointer values implied by α. It also
enables Vundef Clight values to become more defined Cminor values during the
translation, in keeping with the general idea that compilation can particularize
some undefined behaviors.

The memory injection α also defines a relation between Clight and Cminor
memory states, written α � M ≈ M ′, consisting of the conjunction of the
following conditions:

– Matching of block contents: if α(b) = �b′, δ� and L(M, b) ≤ i < H(M, b),
then L(M ′, b′) ≤ i + δ < H(M ′, b′) and α � v ≈ v′ where v is the contents
of block b at offset i in M and v′ the contents of b′ at offset i′ in M ′.

– No overlap: if α(b1) = �b′1, δ1� and α(b2) = �b′2, δ2� and b1 	= b2, then either
b′1 	= b′2, or the intervals [L(M, b1) + δ1, H(M, b1) + δ1) and [L(M, b2) +
δ2, H(M, b2) + δ2) are disjoint.

– Fresh blocks: α(b) = None for all blocks b not yet allocated in M .

The memory injection relations have nice commutation properties with respect
to the basic operations of the memory model. For instance:

– Commutation of loads: if α � M ≈ M ′ and α � Vptr(b, i) ≈ Vptr(b′, i′) and
load(κ, M, b, i) = �v�, there exists v′ such that load(κ, M ′, b′, i′) = �v′� and
α � v ≈ v′.
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– Commutation of stores to mapped blocks: if α � M ≈ M ′ and
α � Vptr(b, i) ≈ Vptr(b′, i′) and α � v ≈ v′ and store(κ, M, b, i, v) = �M1�,
there exists M ′

1 such that store(κ, M ′, b′, i′, v′) = �M ′
1� and α � M1 ≈ M ′

1.
– Invariance by stores to unmapped blocks: if α � M ≈ M ′ and α(b) = None

and store(κ, M, b, i, v) = �M1�, then α � M1 ≈ M ′.

To enable the memory injection α to grow incrementally as new blocks are
allocated during execution, we define the relation α′ ≥ α (read: α′ extends α)
by ∀b, α′(b) = α(b) ∨ α(b) = None. The injection relations are preserved by
extension of α. For instance, if α � M ≈ M ′, then α′ � M ≈ M ′ for all α′ such
that α′ ≥ α.

4.2 Relating Execution Environments

Execution environments differ in structure between Clight and Cminor: the
Clight environment E maps local variables to references of blocks containing
the values of the variables, while in Cminor the environment E′ for local
variables map them directly to values. We define a matching relation
EnvMatch(γ, α, E, M, E′, sp) between a Clight environment E and memory
state M and a Cminor environment E′ and reference to a stack block sp as
follows:

– For all variables x of type τ , if γ(x) = Local, then α(E(x)) = None and
there exists v such that load(κ(τ), M, E(x), 0) = �v� and α � v ≈ E′(x).

– For all variables x of type τ , if γ(x) = Stack(δ), then α � Vptr(E(x), 0) ≈
Vptr(sp, δ).

– For all x 	= y, we have E(x) 	= E(y).
– If α(b) = �sp, δ� for some block b and offset δ, then b is in the range of E.

The first two conditions express the preservation of the values of local variables
during compilation. The last two rule out unwanted sharing between environ-
ment blocks and their images through α.

At any point during execution, several function calls may be active and we
need to ensure matching between the environments of each call. For this, we
introduce abstract call stacks, which are lists of 4-tuples (γ, E, E′, sp) and
record the environments of all active functions. A call stack cs is globally
consistent with respect to C memory state M and memory injection α,
written CallInv (α, M, cs), if EnvMatch(γ, α, E, M, E′, sp) holds for all elements
(γ, E, E′, sp) of cs . Additional conditions, omitted for brevity, enforce
separation between Clight environments E and between Cminor stack blocks sp
belonging to different function activations in cs .

4.3 Proof by Simulation

The proof of semantic preservation for the translation proceeds by induction over
the Clight evaluation derivation and case analysis on the last evaluation rule
used. The proof shows that, assuming suitable consistency conditions over the
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abstract call stack, the generated Cminor expressions and statements evaluate
in ways that simulate the evaluation of the corresponding Clight expressions and
statements.

We give a slightly simplified version of the simulation properties shown by
induction over the Clight evaluation derivation. Let G′ be the global Cminor
environment obtained by translating all function definitions in the global Clight
environment G. Assume CallInv(α, M, (γ, E, E′, sp).cs) and α � M ≈ M ′. Then
there exists a Cminor environment E′

1, a Cminor memory state M ′
1 and a memory

injection α1 ≥ α such that

– (R-values) If G, E � a, M ⇒ v, M1, there exists v′ such that
G′, sp, L � Rγ(a), E′, M ′ → v′, E′

1, M
′
1 and α1 � v ≈ v′.

– (L-values) If G, E � a, M
l⇒ loc, M1, there exists v′ such that

G′, sp, L � Lγ(a), E′, M ′ → v′, E′
1, M

′
1 and α1 � Vptr(loc) ≈ v′.

– (Statements) If G, E � s, M ⇒ out , M1 and τr is the return type of the
function, there exists out ′ such that G′, sp � Sγ(s), E′, M ′ → out ′, E′

1, M
′
1

and α1, τr � out ≈ out ′.

Moreover, the final Clight and Cminor states satisfy α1 � M1 ≈ M ′
1 and

CallInv(α1, M1, (γ, E, E′
1, sp).cs).

In the case of statements, the relation between Clight and Cminor outcomes
is defined as follows:

α, τr � Out normal ≈ Out normal α, τr � Out continue ≈ Out exit(0)
α, τr � Out break ≈ Out exit(1) α, τr � Out return ≈ Out return

α � cast(v, τ, τr) ≈ v′

α, τr � Out return(v, τ) ≈ Out return(v′)

In addition to the outer induction over the Clight evaluation derivation, the
proofs proceed by copious case analysis, over the placement γ(x) for accesses to
variables x, and over the types of the operands for applications of overloaded
operators. As a corollary of the simulation properties, we obtain the correctness
theorem for the translation:

Theorem 1. Assume the Clight program p is well-typed and translates without
errors to a Cminor program p′. If � p ⇒ v, and if v is an integer or float value,
then � p′ → v.

This semantic preservation theorem applies only to terminating programs. Our
choice of big-step operational semantics prevents us from reasoning over non-
terminating executions.

The whole proof represents approximately 6000 lines of Coq statements and
proof scripts, including 1000 lines (40 lemmas) for the properties of memory
injections, 1400 lines (54 lemmas) for environment matching and the call stack
invariant, 1400 lines (50 lemmas) for the translations of type-dependent opera-
tors and memory accesses, and 2000 lines (51 lemmas, one per Clight evaluation
rule) for the final inductive proof of simulation. By comparison, the source code
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of the Clight to Cminor translator is 800 lines of Coq function definitions. The
proof is therefore 7.5 times bigger than the code it proves. The whole develop-
ment (design and semantics of Clight; development of the translator; proof of its
correctness) took approximately 8 person.months.

5 Related Work

Several formal semantics of C-like languages have been defined. Norrish [10] gives
a small-step operational semantics, expressed using the HOL theorem prover, for
a subset of C comparable to our Clight. His semantics captures exactly the non-
determinism (partially unspecified evaluation order) allowed by the ISO C spec-
ification, making it significantly more complex than our deterministic semantics.
Papaspyrou [11] addresses non-determinism as well, but using denotational se-
mantics with monads. Abstract state machines have been used to give on-paper
semantics for C [4,9] and more recently for C# [3].

Many correctness proofs of program transformations have been published,
both on paper and machine-checked using proof assistants; see [2] for a sur-
vey. A representative example is [5], where a non-optimizing byte-code compiler
from a subset of Java to a subset of the Java Virtual Machine is verified using
Isabelle/HOL. Most of these correctness proofs apply to source languages that
are either smaller or semantically cleaner than C.

The work that is closest to ours is part of the Verisoft project [6,12]. Using
Isabelle/HOL, they formalize the semantics of C0 (a subset of the C language)
and a compiler from C0 down to DLX assembly code. C0 is a type-safe sub-
set of C, close to Pascal, and significantly smaller than our Clight: there is no
pointer arithmetic, nor side effects, nor premature execution of statements and
there exists only a single integer type, thus avoiding operator overloading. They
provide both a big step semantics and a small step semantics for C0, the latter
enabling reasoning about non-terminating and concurrent executions, unlike our
big-step semantics. Their C0 compiler is a single pass compiler that generates
unoptimized machine code. It is more complex than our translation from Clight
to Cminor, but considerably simpler than our whole certified compiler.

6 Concluding Remarks

The C language is not pretty; this shows up in the relative complexity of our
formal semantics and translation scheme. However, this complexity remains man-
ageable with the tools (the Coq proof assistant) and the methodology (big-step
semantics; simulation arguments; extraction of an executable compiler from its
functional Coq specification) that we used.

Future work includes 1- handling a larger subset of C, especially struct types;
and 2- evaluating the usability of the semantics for program proof and static
analysis purposes. In particular, it would be interesting to develop axiomatic
semantics (probably based on separation logic) for Clight and validate them
against our operational semantics.
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Abstract This article presents the formal verification, using the Coq proof assistant,
of a memory model for low-level imperative languages such as C and compiler
intermediate languages. Beyond giving semantics to pointer-based programs, this
model supports reasoning over transformations of such programs. We show how the
properties of the memory model are used to prove semantic preservation for three
passes of the Compcert verified compiler.

Keywords Memory model · C · Program verification · Compilation ·
Compiler correctness · The Coq proof assistant

1 Introduction

A prerequisite to the formal verification of computer programs—by model checking,
program proof, static analysis, or any other means—is to formalize the semantics
of the programming language in which the program is written, in a way that is
exploitable by the verification tools used. In the case of program proofs, these formal
semantics are often presented in operational or axiomatic styles, e.g. Hoare logic.
The need for formal semantics is even higher when the program being verified
itself operates over programs: compilers, program analyzers, etc. In the case of a
compiler, for instance, no less than three formal semantics are required: one for the
implementation language of the compiler, one for the source language, and one for
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the target language. More generally speaking, formal semantics “on machine” (that
is, presented in a form that can be exploited by verification tools) are an important
aspect of formal methods.

Formal semantics are relatively straightforward in the case of declarative pro-
gramming languages. However, many programs that require formal verification are
written in imperative languages featuring pointers (or references) and in-place mod-
ification of data structures. Giving semantics to these imperative constructs requires
the development of an adequate memory model, that is, a formal description of the
memory store and operations over it. The memory model is often a delicate part of a
formal semantics for an imperative programming language. A very concrete memory
model (e.g. representing the memory as a single array of bytes) can fail to validate
algebraic laws over loads and stores that are actually valid in the programming
language, making program proofs more difficult. An excessively abstract memory
model can fail to account for e.g. aliasing or partial overlap between memory areas,
thus causing the semantics to be incorrect.

This article reports on the formalization and verification, using the Coq proof as-
sistant, of a memory model for C-like imperative languages. C and related languages
are challenging from the standpoint of the memory model, because they feature
both pointers and pointer arithmetic, on the one hand, and isolation and freshness
guarantees on the other. For instance, pointer arithmetic can result in aliasing or
partial overlap between the memory areas referenced by two pointers; yet, it is
guaranteed that the memory areas corresponding to two distinct variables or two
successive calls to malloc are disjoint. This stands in contrast with both higher-
level imperative languages such as Java, where two distinct references always refer
to disjoint areas, and lower-level languages such as machine code, where unrestricted
address arithmetic invalidates all isolation guarantees.

The memory model presented here is used in the formal verification of the
Compcert compiler [3, 15], a moderately-optimizing compiler that translates the
Clight subset of the C programming language down to PowerPC assembly code.
The memory model is used by the formal semantics of all languages manipulated by
the compiler: the source language, the target language, and 7 intermediate languages
that bridge the semantic gap between source and target. Certain passes of the
compiler perform non-trivial transformations on memory allocations and accesses:
for instance, local variables of a Clight function, initially mapped to individually-
allocated memory blocks, are at some point mapped to sub-blocks of a single
stack-allocated activation record, which at a later point is extended to make room
for storing spilled temporaries. Proving the correctness (semantic preservation) of
these transformations requires extensive reasoning over memory states, using the
properties of the memory model given further in the paper.

The remainder of this article is organized as follows. Section 2 axiomatizes the
values that are stored in memory states and the associated memory data types.
Section 3 specifies an abstract memory model and illustrates its use for reasoning
over programs. Section 4 defines the concrete implementation of the memory model
used in Compcert and shows that it satisfies both the abstract specification and
additional useful properties. Section 5 describes the transformations over memory
states performed by three passes of the Compcert compiler. It then defines the
memory invariants and proves the simulation results between memory operations
that play a crucial role in proving semantics preservation for these three passes.
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Section 6 briefly comments on the Coq mechanization of these results. Related work
is discussed in Section 7, followed by conclusions and perspectives in Section 8.

All results presented in this article have been mechanically verified using
the Coq proof assistant [2, 8]. The complete Coq development is available on-
line at http://gallium.inria.fr/∼xleroy/memory-model/. Consequently, the paper only
sketches the proofs of some of its results; the reader is referred to the Coq develop-
ment for the full proofs.

2 Values and Data Types

We assume given a set val of values, ranged over by v, used in the dynamic
semantics of the languages to represent the results of calculations. In the Compcert
development, val is defined as the discriminated union of 32-bit integers int(n),
64-bit double-precision floating-point numbers float( f ), memory locations
ptr(b , i) where b is a memory block reference b and i a byte offset within this
block, and the constant undef representing an undefined value such as the value
of an uninitialized variable.

We also assume given a set memtype of memory data types, ranged over by τ .
Every memory access (load or store operation) takes as argument a memory data
type, serving two purposes: (1) to indicate the size and natural alignment of the data
being accessed, and (2) to enforce compatibility guarantees between the type with
which a data was stored and the type with which it is read back. For a semantics for
C, we can use C type expressions from the source language as memory data types.
For the Compcert intermediate languages, we use the following set of memory data
types, corresponding to the data that the target processor can access in one load or
store instruction:

τ :: = int8signed | int8unsigned 8-bit integers
| int16signed | int16unsigned 16-bit integers
| int32 32-bit integers or pointers
| float32 32-bit, single-precision floats
| float64 64-bit, double-precision floats

The first role of a memory data type τ is to determine the size |τ | in bytes that
a data of type τ occupies in memory, as well as the natural alignment 〈τ 〉 for data
of this type. The alignment 〈τ 〉 models the address alignment constraints that many
processors impose, e.g., the address of a 32-bit integer must be a multiple of 4. Both
size and alignment are positive integers.1,2

(A1) |τ | > 0 and 〈τ 〉 > 0

1In this article, we write A for axioms, that is, assertions that we will not prove; S for specifications,
that is, expected properties of the abstract memory model which the concrete model, as well as any
other implementation, satisfies; D for derived properties, provable from the specifications; and P for
properties of the concrete memory model.
2Throughout this article, variables occurring free in mathematical statements are implicitly univer-
sally quantified at the beginning of the statement.



4 X. Leroy, S. Blazy

To reason about some memory transformations, it is useful to assume that there
exists a maximal alignment max_alignment that is a multiple of all possible
alignment values:

(A2) 〈τ 〉 divides max_alignment

For the semantics of C, |τ | is the size of the type τ as returned by the sizeof
operator of C. A possible choice for 〈τ 〉 is the size of the largest scalar type occurring
in τ . For the Compcert intermediate languages, we take:

|int8signed| = |int8unsigned| = 1
|int16signed| = |int16unsigned| = 2
|int32| = |float32| = 4
|float64| = 8

Concerning alignments, Compcert takes 〈τ 〉 = 1 and max_alignment = 1, since
the target architecture (PowerPC) has no alignment constraints. To model a target
architecture with alignment constraints such as the Sparc, we would take 〈τ 〉 = |τ |
and max_alignment = 8.

We now turn to the second role of memory data types, namely a form of dynamic
type-checking. For a strongly-typed language, a memory state is simply a partial
mapping from memory locations to values: either the language is statically typed,
guaranteeing at compile-time that a value written with type τ is always read back with
type τ ; or the language is dynamically typed, in which case the generated machine
code contains enough run-time type tests to enforce this property. However, the C
language and most compiler intermediate languages are weakly typed. Consider a C
“union” variable:

union { int i; float f; } u;

It is possible to assign an integer to u.i, then read it back as a float via u.f. This
will not be detected at compile-time, and the C compiler will not generate code to
prevent this. Yet, the C standard [13] specifies that this code has undefined behavior.
More generally, after writing a data of type τ to a memory location, this location
can only be read back with the same type τ or a compatible type; the behavior is
undefined otherwise [13, Section 6.5, items 6 and 7]. To capture this behavior in
a formal semantics for C, the memory state associates type-value pairs (τ, v), and
not just values, to locations. Every load with type τ ′ at this location will check
compatibility between the actual type τ of the location and the expected type τ ′,
and fail if they are not compatible.

We abstract this notion of compatibility as a relation τ ∼ τ ′ between types. We
assume that a type is always compatible with itself, and that compatible types have
the same size and the same alignment:

(A3) τ ∼ τ

(A4) If τ1 ∼ τ2, then |τ1| = |τ2| and 〈τ1〉 = 〈τ2〉
Several definitions of the ∼ relation are possible, leading to different instantiations
of our memory model. In the strictest instantiation„ τ ∼ τ ′ holds only if τ = τ ′; that
is, no implicit casts are allowed during a store-load sequence. The C standard
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actually permits some such casts [13, Section 6.5, item 7]. For example, an integer n
can be stored as an unsigned char, then reliably read back as a signed char,
with result (signed char) n. This can be captured in our framework by stating
that unsigned char ∼ signed char. For the Compcert intermediate languages,
we go one step further and define τ1 ∼ τ2 as |τ1| = |τ2|.

To interpret implicit casts in a store-load sequence, we need a function
convert : val× memtype → val that performs these casts. More precisely, writ-
ing a value v with type τ , then reading it back with a compatible type τ ′ re-
sults in value convert(v, τ ′). For the strict instantiation of the model, we take
convert(v, τ ′) = v. For the interpretation closest to the C standard, we need
convert(v, τ ′) = (τ ′) v, where the right-hand side denotes a C type cast. Finally,
for the Compcert intermediate languages, convert is defined as:

convert(int(n),int8unsigned) = int(8-bit zero extension of n)

convert(int(n),int8signed) = int(8-bit sign extension of n)

convert(int(n),int16unsigned) = int(16-bit zero extension of n)

convert(int(n),int16signed) = int(16-bit sign extension of n)

convert(int(n),int32) = int(n)

convert(ptr(b , i),int32) = ptr(b , i)

convert(float( f ),float32) = float( f normalized to single precision)

convert(float( f ),float64) = float( f )

convert(v, τ ) = undef in all other cases

Note that this definition of convert, along with the fact that τ1 �∼ τ2 if |τ1| �= |τ2|,
ensures that low-level implementation details such as the memory endianness or
the bit-level representation of floats cannot be observed by Compcert intermediate
programs. For instance, writing a float f with type float32 and reading it back with
compatible type int32 results in the undefined value undef and not in the integer
corresponding to the bit-pattern for f .

3 Abstract Memory Model

We now give an abstract, incomplete specification of a memory model that attempts
to formalize the memory-related aspects of C and related languages. We have an
abstract type block of references to memory blocks, and an abstract type mem of
memory states. Intuitively, we view the memory state as a collection of separated
blocks, identified by block references b . Each block behaves like an array of bytes,
and is addressed using byte offsets i ∈ �. A memory location is therefore a pair (b , i)
of a block reference b and an offset i within this block. The constant empty : mem
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represents the initial memory state. Four operations over memory states are provided
as total functions:

alloc : mem×�×�→ option(block× mem)

free : mem× block → option mem

load : memtype× mem× block×�→ option val

store : memtype× mem× block×�× val → option mem

Option types are used to represent potential failures. A value of type option t
is either ε (pronounced “none”), denoting failure, or 	x
 (pronounced “some x”),
denoting success with result x : t.

Allocation of a fresh memory block is written alloc(m, l, h), where m is the initial
memory state, and l ∈ � and h ∈ � are the low and high bounds for the fresh block.
The allocated block has size h − l bytes and can be accessed at byte offsets l, l +
1, . . . , h − 2, h − 1. In other terms, the low bound l is inclusive but the high bound
h is exclusive. Allocation can fail and return ε if not enough memory is available.
Otherwise, 	b , m′
 is returned, where b is the reference to the new block and m′ the
updated memory state.

Conversely, free(m, b) deallocates block b in memory m. It can fail if e.g., b was
already deallocated. In case of success, an updated memory state is returned.

Reading from memory is written load(τ, m, b , i). A data of type τ is read from
block b of memory state m at byte offset i. If successful, the value thus read is
returned. The memory state is unchanged.

Symmetrically, store(τ, m, b , i, v) writes value v at offset i in block b of m. If
successful, the updated memory state is returned.

We now axiomatize the expected properties of these operations. The properties
are labeled S to emphasize that they are specifications that any implementation of
the model must satisfy. The first hypotheses are “good variable” properties defining
the behavior of a load following an alloc, free or store operation.

(S5) If alloc(m,l,h)=	b , m′
 and b ′ �=b , then load(τ, m′, b ′, i)=load(τ,m, b ′, i)
(S6) If free(m, b) = 	m′
 and b ′ �= b , then load(τ, m′, b ′, i) = load(τ, m, b ′, i)
(S7) If store(τ, m, b , i, v)=	m′
 and τ ∼τ ′, then load(τ ′, m′, b , i) =

convert(v, τ ′)
(S8) If store(τ, m, b , i, v) = 	m′
 and b ′ �= b ∨ i′ + |τ ′| ≤ i ∨ i + |τ | ≤ i′, then

load(τ ′, m′, b ′, i′) = load(τ ′, m, b ′, i′)

Hypotheses S5 and S6 state that allocating a block b or freeing a block b preserves
loads performed in any other block b ′ �= b . Hypothesis S7 states that after writing
value v with type τ at offset i in block b , reading from the same location with a
compatible type τ ′ succeeds and returns the value convert(v, τ ′). Hypothesis S8
states that storing a value of type τ in block b at offset i commutes with loading a
value of type τ ′ in block b ′ at offset i′, provided the memory areas corresponding
to the store and the load are separate: either b ′ �= b , or the range [i, i + |τ |) of
byte offsets modified by the store is disjoint from the range [i′, i′ + |τ ′|) read by the
load.

Note that the properties above do not fully specify the load operation: nothing
can be proved about the result of loading from a freshly allocated block, or freshly
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deallocated block, or just after a store with a type and location that do not fall in the
S7 and S8 case. This under-specification is intentional and follows the C standard.
The concrete memory model of Section 4 will fully specify these behaviors.

The “good variable” properties use hypotheses b ′ �= b , that is, separation prop-
erties between blocks. To establish such properties, we axiomatize the relation
m |= b , meaning that the block reference b is valid in memory m. Intuitively, a block
reference is valid if it was previously allocated but not yet deallocated; this is how the
m |= b relation will be defined in Section 4.

(S9) If alloc(m, l, h) = 	b , m′
, then ¬(m |= b).
(S10) If alloc(m, l, h) = 	b , m′
, then m′ |= b ′ ⇔ b ′ = b ∨ m |= b ′
(S11) If store(τ, m, b , i, v) = 	m′
, then m′ |= b ′ ⇔ m |= b ′
(S12) If free(m, b) = 	m′
 and b ′ �= b , then m′ |= b ′ ⇔ m |= b ′
(S13) If m |= b , then there exists m′ such that free(m, b) = 	m′
.

Hypothesis S9 says that the block returned by alloc is fresh, i.e., distinct from any
other block that was valid in the initial memory state. Hypothesis S10 says that the
newly allocated block is valid in the final memory state, as well as all blocks that were
valid in the initial state. Block validity is preserved by store operations (S11). After
a free(m, b) operation, all initially valid blocks other than b remain valid, but it is
unspecified whether the deallocated block b is valid or not (S12). Finally, the free
operation is guaranteed to succeed when applied to a valid block (S13).

The next group of hypotheses axiomatizes the function B(m, b) that associates
low and high bounds l, h to a block b in memory state m. We write B(m, b) = [l, h)

to emphasize the meaning of bounds as semi-open intervals of allowed byte offsets
within block b .

(S14) If alloc(m, l, h) = 	b , m′
, then B(m′, b) = [l, h).
(S15) If alloc(m, l, h) = 	b , m′
 and b ′ �= b , then B(m′, b ′) = B(m, b ′).
(S16) If store(τ, m, b , i, v) = 	m′
, then B(m′, b ′) = B(m, b ′).
(S17) If free(m, b) = 	m′
 and b ′ �= b , then B(m′, b ′) = B(m, b ′).

A freshly allocated block has the bounds that were given as argument to the alloc
function (S14). The bounds of a block b ′ are preserved by an alloc, store or free
operation, provided b ′ is not the block being allocated or deallocated.

For convenience, we write L(m, b) and H(m, b) for the low and high bounds
attached to b , respectively, so that B(m, b) = [L(m, b),H(m, b)).

Combining block validity with bound information, we define the “valid access”
relation m |= τ @ b , i, meaning that in state m, it is valid to write with type τ in block
b at offset i.

m |= τ @ b , i def= m |= b ∧ 〈τ 〉 divides i ∧ L(m, b) ≤ i ∧ i + |τ | ≤ H(m, b)

In other words, b is a valid block, the range [i, i + |τ |) of byte offsets being accessed
is included in the bounds of b , and the offset i is an integer multiple of the alignment
〈τ 〉. If these conditions hold, we impose that the corresponding store operation
succeeds.

(S18) If m |= τ @ b , i then there exists m′ such that store(τ, m, b , i, v) = 	m′
.
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Here are some derived properties of the valid access relation, easily provable from
the hypotheses above.

(D19) If alloc(m, l, h) = 	b , m′
 and 〈τ 〉 divides i and l ≤ i and i + |τ | ≤ h, then
m′ |= τ @ b , i.

(D20) If alloc(m, l, h) = 	b , m′
 and m |= τ @ b ′, i, then m′ |= τ @ b ′, i.
(D21) If store(τ, m, b , i, v) = 	m′
, then m′ |= τ @ b ′, i ⇔ m |= τ @ b ′, i.
(D22) If free(m, b) = 	m′
 and b ′ �= b , then m′ |= τ @ b ′, i ⇔ m |= τ @ b ′, i.

Proof D19 follows from S10 and S14. D20 follows from S10 and S15, noticing that
b ′ �= b by S9. D21 follows from S11 and S16, and D22 from S12 and S17. ��

To finish this section, we show by way of an example that the properties axioma-
tized above are sufficient to reason over the behavior of a C pointer program using
axiomatic semantics. Consider the following C code fragment:

int * x = malloc(2 * sizeof(int));
int * y = malloc(sizeof(int));
x[0] = 0;
x[1] = 1;

*y = x[0];
x[0] = x[1];
x[1] = *y;

We would like to show that in the final state, x[0] is 1 and x[1] is 0. Assuming that
errors are automatically propagated using a monadic interpretation, we can represent
the code fragment above as follows, using the operations of the memory model to
make explicit memory operations. The variable m holds the current memory state.
We also annotate the code with logical assertions expressed in terms of the memory
model. The notation � stands for the three conditions x �= y, m |= x, m |= y.

(x, m) = alloc(m, 0, 8);
/* m |= x */

(y, m) = alloc(m, 0, 4);
/* � */

m = store(int, x, 0, 0);
/* �, load(m,x,0) = 	0
 */

m = store(int, x, 4, 1);
/* �, load(m,x,0) = 	0
, load(m,x,4) = 	1
 */

t = load(int, x, 0);
/* �, load(m,x,0) = 	0
, load(m,x,4) = 	1
, t = 0 */

m = store(int, y, 0, t);
/* �, load(m,x,0) = 	0
, load(m,x,4) = 	1
,

load(m,y,0) = 	0
 */
t = load(int, x, 4);

/* �, load(m,x,0) = 	0
, load(m,x,4) = 	1
,
load(m,y,0) = 	0
, t = 1 */

m = store(int, x, 0, t);
/* �, load(m,x,0) = 	1
, load(m,x,4) = 	1
,

load(m,y,0) = 	0
 */
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t = load(int, y, 0);
/* �, load(m,x,0) = 	1
, load(m,x,4) = 	1
,

load(m,y,0) = 	0
, t = 0 */
m = store(int, x, 4, t);

/* �, load(m,x,0) = 	1
, load(m,x,4) = 	0
,
load(m,y,0) = 	0
 */

Every postcondition can be proved from its precondition using the hypotheses
listed in this section. The validity of blocks x and y, as well as the inequality x �= y,
follow from S9, S10 and S11. The assertions over the results of load operations and
over the value of the temporary t follow from the good variable properties S7 and
S8. Additionally, we can show that the store operations do not fail using S18
and the additional invariants m |= int @ x, 0 and m |= int @ x, 4 and m |= int @
y, 0, which follow from D19, D20 and D21.

4 Concrete Memory Model

We now develop a concrete implementation of a memory model that satisfies
the axiomatization in Section 3. The type block of memory block references is
implemented by the type � of nonnegative integers. Memory states (type mem) are
quadruples (N, B, F, C), where

– N : block is the first block not yet allocated;
– B : block → �×� associates bounds to each block reference;
– F : block → boolean says, for each block, whether it has been deallocated

(true) or not (false);
– C : block → �→ option (memtype× val) associates a content to each

block b and each byte offset i. A content is either ε, meaning “invalid”, or 	τ, v
,
meaning that a value v was stored at this location with type τ .

We define block validity m |= b , where m = (N, B, F, C), as b < N ∧ F(b) =
false, that is, b was previously allocated (b < N) but not previously deallocated
(F(b) = false). Similarly, the bounds B(m, b) are defined as B(b).

The definitions of the constant empty and the operations alloc, free, load and
store follow. We write m = (N, B, F, C) for the initial memory state.

empty =
(0, λb . [0, 0), λb . false, λb .λi. ε)

alloc(m, l, h) =
if can_allocate(m, h − l) then 	b , m′
 else ε

where b = N
and m′ = (N + 1, B{b ← [l, h)}, F{b ← false}, C{b ← λi. ε})

free(m, b) =
if not m |= b then ε

else 	N, B{b ← [0, 0)}, F{b ← true}, C

store(τ, m, b , i, v) =

if not m |= τ @ b , i then ε

else 	N, B, F, C{b ← c′}

where c′ = C(b){i ← 	τ, v
, i + 1 ← ε, . . . , i + |τ | − 1 ← ε}
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load(τ, m, b , i) =
if not m |= τ @ b , i then ε

else if C(b)(i) = 	τ ′, v
 and τ ′ ∼ τ

and C(b)(i + j) = ε for j = 1, . . . , |τ | − 1
then 	convert(v, τ )

else 	undef


Allocation is performed by incrementing linearly the N component of the memory
state. Block identifiers are never reused, which greatly facilitates reasoning over
“dangling pointers” (references to blocks previously deallocated). The new block
is given bounds [l, h), deallocated status false, and invalid contents λi. ε.3 An un-
specified, boolean-valued can_allocate function is used to model the possibility
of failure if the request (h − l bytes) exceeds the available memory. In the Compcert
development, can_allocate always returns true, therefore modeling an infinite
memory.

Freeing a block simply sets its deallocated status to true, rendering this block
invalid, and its bounds to [0, 0), reflecting the fact that this block no longer occupies
any memory space.

A memory store first checks block and bounds validity using the m |= τ @ b , i
predicate, which is decidable. The contents C(b) of block b are set to 	τ, v
 at offset
i, recording the store done at this offset, and to ε at offsets i + 1, . . . , i + |τ | − 1,
invalidating whatever data was previously stored at these addresses.

A memory load checks several conditions: first, that the block and offset being
addressed are valid and within bounds; second, that block b at offset i contains a
valid data 	v, τ ′
; third, that the type τ ′ of this data is compatible with the requested
type τ ; fourth, that the contents of offsets i + 1 to i + |τ | − 1 in block b are invalid,
ensuring that the data previously stored at i in b was not partially overwritten by a
store at an overlapping offset.

It is easy to show that this implementation satisfies the specifications given in
Section 3.

Lemma 1 Properties S5 to S18 are satisfied.

Proof Most properties follow immediately from the definitions of alloc, free,
load and store given above. For the “good variable” property S7, the store
assigned contents 	τ, v
, ε, . . . , ε to offsets i, . . . , i + |τ | − 1, respectively. Since
|τ ′| = |τ | by A1, the checks performed by load succeed. For the other “good
variable” property, S8, the assignments performed by the store over C(b) at offsets
i, . . . , i + |τ | − 1 have no effect over the values of offsets i′, . . . , i′ + |τ ′| − 1 in C(b ′),
given the separation hypothesis (b ′ �= b ∨ i′ + |τ ′| ≤ i ∨ i + |τ | ≤ i′). ��

Moreover, the implementation also enjoys a number of properties that we now
state. In the following sections, we will only use these properties along with those

3Since blocks are never reused, the freshly-allocated block b already has deallocated status false
and contents λi. ε in the initial memory state (N, B, F, C). Therefore, in the definition of alloc, the
updates F{b ← false} and C{b ← λi. ε} are not strictly necessary. However, they allow for simpler
reasoning over the alloc function, making it unnecessary to prove the invariants F(b) = false
and C(b) = λi. ε for all b ≥ N.
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of Section 3, but not the precise definitions of the memory operations. The first two
properties state that a store or a load succeeds if and only if the corresponding
memory reference is valid.

(P24) m |= τ @ b , i ⇔ ∃m′,store(τ, m, b , i, v) = 	m′

(P25) m |= τ @ b , i ⇔ ∃v,load(τ, m, b , i) = 	v


Then come additional properties capturing the behavior of a load following an
alloc or a store. In circumstances where the “good variable” properties of the
abstract memory model leave unspecified the result of the load, these “not-so-good
variable” properties guarantee that the load predictably returns 	undef
.

(P26) If alloc(m, l, h) = 	b , m′
 and load(τ, m′, b , i) = 	v
, then v = undef.
(P27) If store(τ, m, b , i, v) = 	m′
 and τ �∼ τ ′ and load(τ ′, m′, b , i) = 	v′
, then

v′ = undef.
(P28) If store(τ, m, b , i, v) = 	m′
 and i′ �= i and i′ + |τ ′| > i and i + |τ | > i′ and

load(τ ′, m′, b , i′) = 	v′
, then v′ = undef.

Proof For P26, the contents of m′ at b , i are ε and therefore not of the form 	τ, v
.
For P27, the test τ ∼ τ ′ in the definition of load fails. For P28, consider the contents
c of block b in m′. If i < i′, the store set c(i′) = ε. If i > i′, the store set c(i′ + j) =
	τ, v
 for some j ∈ [1, |τ ′|). In both cases, one of the checks in the definition of load
fails. ��

Combining properties S7, S8, P25, P27 and P28, we obtain a complete character-
ization of the behavior of a load that follows a store. (See Fig. 1 for a graphical
illustration of the cases.)

(D29) If store(τ, m, b , i, v) = 	m′
 and m |= τ ′ @ b ′, i′, then one and only one of
the following four cases holds:

– Compatible: b ′ = b and i′ = i and τ ∼ τ ′, in which case load(τ ′, m′,
b ′, i′) = 	convert(v, τ ′)
.

– Incompatible: b ′ = b and i′ = i and τ �∼ τ ′, in which case load(τ ′, m′,
b ′, i′) = 	undef
.

– Disjoint: b ′ �= b or i′ + |τ ′| ≤ i or i + |τ | ≤ i′, in which case load(τ ′, m′,
b ′, i′) = load(τ ′, m, b ′, i′).

– Overlapping: b ′ = b and i′ �= i and i′ + |τ ′| > i and i + |τ | > i′, in which
case load(τ ′, m′, b ′, i′) = 	undef
.

Fig. 1 A store followed by a
load in the same block: the
four cases of property D29
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As previously mentioned, an interesting property of the concrete memory model is
that alloc never reuses block identifiers, even if some blocks have been deallocated
before. To account for this feature, we define the relation m # b , pronounced “block
b is fresh in memory m”, and defined as b ≥ N if m = (N, B, F, C). This relation
enjoys the following properties:

(P30) m # b and m |= b are mutually exclusive.
(P31) If alloc(m, l, h) = 	b , m′
, then m # b .
(P32) If alloc(m, l, h) = 	b , m′
, then m′ # b ′ ⇔ b ′ �= b ∧ m # b ′.
(P33) If store(τ, m, b , i, v) = 	m′
, then m′ # b ′ ⇔ m # b ′.
(P34) If free(m, b) = 	m′
, then m′ # b ′ ⇔ m # b ′.

Using the freshness relation, we say that two memory states m1 and m2 have the
same domain, and write Dom(m1) = Dom(m2), if ∀b , (m1 # b ⇔ m2 # b). In our
concrete implementation, two memory states have the same domain if and only if
their N components are equal. Therefore, alloc is deterministic with respect to
the domain of the current memory state: alloc chooses the same free block when
applied twice to memory states that have the same domain, but may differ in block
contents.

(P35) If alloc(m1, l, h)=	b 1, m′
1
 and alloc(m2, l, h)=	b 2, m′

2
 and Dom(m1)=
Dom(m2), then b 1 = b 2 and Dom(m′

1) = Dom(m′
2).

The last property of the concrete implementation used in the remainder of this
paper is the following: a block b that has been deallocated is both invalid and empty,
in the sense that its low and high bounds are equal.

(P36) If free(m, b) = 	m′
, then ¬(m′ |= b).
(P37) If free(m, b) = 	m′
, then L(m′, b) = H(m′, b).

5 Memory Transformations

We now study the use of the concrete memory model to prove the correctness
of program transformations as performed by compiler passes. Most passes of the
Compcert compiler preserve the memory behavior of the program: some modify the
flow of control, others modify the flow of data not stored in memory, but the memory
states before and after program transformation match at every step of the program
execution. The correctness proofs for these passes exploit none of the properties of
the memory model. However, three passes of the Compcert compiler change the
memory behavior of the program, and necessitate extensive reasoning over memory
states to be proved correct. We now outline the transformations performed by these
three passes.

The first pass that modifies the memory behavior is the translation from the source
language Clight to the intermediate language Cminor. In Clight, all variables are
allocated in memory: the evaluation environment maps variables to references of
memory blocks that contain the current values of the variables. This is consistent with
the C specification and the fact that the address of any variable can be taken and used
as a memory pointer using the & operator. However, this feature renders register
allocation and most other optimizations very difficult, because aliasing between a
pointer and a variable is always possible.
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Therefore, the Clight to Cminor translation detects scalar local variables whose
address is never taken with the & operator, and “pulls them out of memory”: they
become Cminor local variables, whose current values are recorded in an environment
separate from the memory state, and whose address cannot be taken. Other Clight
local variables remain memory-allocated, but are grouped as sub-areas of a single
memory block, the Cminor stack block, which is automatically allocated at function
entry and deallocated at function exit. (See Fig. 2, left.)

Consequently, the memory behavior of the source Clight program and the trans-
formed Cminor program differ greatly: when the Clight program allocates N fresh
blocks at function entry for its N local variables, the Cminor program allocates only
one; the load and store operations performed by the Clight semantics every time
a local variable is accessed either disappear in Cminor or becomes load and store
in sub-areas of the Cminor stack block.

The second pass that affects memory behavior is register allocation. In RTL, the
source language for this translation, local variables and temporaries are initialized
to the undef value on function entry. (This initialization agrees with the semantics
of Clight, where reading an uninitialized local variable amounts to loading from
a freshly allocated block.) After register allocation, some of these RTL variables
and temporaries are mapped to global hardware registers, which are not initialized
to the undef value on function entry, but instead keep whatever value they had
in the caller function at point of call. This does not change the semantics of well-
defined RTL programs, since the RTL semantics goes wrong whenever an undef
value is involved in an arithmetic operation or conditional test. Therefore, values of
uninitialized RTL variables do not participate in the computations performed by the
program, and can be changed from undef to any other value without changing the
semantics of the program. However, the original RTL program could have stored
these values of uninitialized variables in memory locations. Therefore, the memory
states before and after register allocation have the same shapes, but the contents of
some memory locations can change from undef to any value, as pictured in Fig. 2,
center.

The third and last pass where memory states differ between the original and
transformed codes is the spilling pass performed after register allocation. Variables
and temporaries that could not be allocated to hardware registers must be “spilled”
to memory, that is, stored in locations within the stack frame of the current function.
Additional stack frame space is also needed to save the values of callee-save registers

Fig. 2 Transformations over memory states in the Compcert compiler
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on function entry. Therefore, the spilling pass needs to enlarge the stack frame that
was laid out at the time of Cminor generation, to make room for spilled variables
and saved registers. The memory state after spilling therefore differs from the state
before spilling: stack frame blocks are larger, and the transformed program performs
additional load and store operations to access spilled variables. (See Fig. 2, right.)

In the three examples of program transformations outlined above, we need to
formalize an invariant that relates the memory states at every point of the executions
of the original and transformed programs, and prove appropriate simulation results
between the memory operations performed by the two programs. Three such rela-
tions between memory states are studied in the remainder of this section: memory
extensions in Section 5.2, corresponding to the spilling pass; refinement of stored
values in Section 5.3, corresponding to the register allocation pass; and memory
injections in Section 5.4, corresponding to the Cminor generation pass. These three
relations share a common basis, the notion of memory embeddings, defined and
studied first in Section 5.1.

5.1 Generic Memory Embeddings

An embedding E is a function of type block → option(block×�) that estab-
lishes a correspondence between blocks of a memory state m1 of the original program
and blocks of a memory state m2 of the transformed program. Let b 1 be a block
reference in m1. If E(b 1) = ε, this block corresponds to no block in m2: it has been
eliminated by the transformation. If E(b 1) = 	b 2, δ
, the block b 1 in m1 corresponds
to the block b 2 in m2, or a sub-block thereof, with offsets being shifted by δ. That is,
the memory location (b 1, i) in m1 is associated to the location (b 2, i + δ) in m2. We
say that a block b of m1 is unmapped in m2 if E(b) = ε, and mapped otherwise.

We assume we are given a relation E � v1 ↪→ v2 between values v1 of the original
program and values v2 of the transformed program, possibly parametrized by E.
(Sections 5.2, 5.3 and 5.4 will particularize this relation).

We say that E embeds memory state m1 in memory state m2, and write E � m1 ↪→
m2, if every successful load from a mapped block of m1 is simulated by a successful
load from the corresponding sub-block in m2, in the following sense:

E(b 1) = 	b 2, δ
 ∧ load(τ, m1, b 1, i) = 	v1

⇒ ∃v2,load(τ, m2, b 2, i + δ) = 	v2
 ∧ E � v1 ↪→ v2

We now state and prove commutation and simulation properties between the
memory embedding relation and the operations of the concrete memory model. First,
validity of accesses is preserved, in the following sense.

Lemma 2 If E(b 1) = 	b 2, δ
 and E � m1 ↪→ m2, then m1 |= τ @ b 1, i implies m2 |=
τ @ b 2, i + δ.

Proof By property P25, there exists v1 such that load(τ, m1, b 1, i) = 	v1
. By hy-
pothesis E � m1 ↪→ m2, there exists v2 such that load(τ, m2, b 2, i + δ) = 	v2
. The
result follows from property P25. ��

When is the memory embedding relation preserved by memory stores? There
are three cases to consider, depicted in Fig. 3. In the leftmost case, the original
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Fig. 3 The three simulation lemmas for memory stores. The grayed areas represent the locations
of the stores. v1 is a value stored by the original program and v2 a value stored by the transformed
program

program performs a store in memory m1 within a block that is not mapped, while
the transformed program performs no store, keeping its memory m2 unchanged.

Lemma 3 If E(b 1) = ε and E � m1 ↪→ m2 and store(τ, m1, b 1, i, v) = 	m′
1
, then

E � m′
1 ↪→ m2.

Proof Consider a load in m′
1 from a mapped block: E(b ′

1) = 	b ′
2, δ
 and

load(τ ′, m′
1, b ′

1, i′) = 	v1
. By hypothesis E(b 1) = ε, we have b ′
1 �= b 1. By S8, it fol-

lows that load(τ ′, m1, b ′
1, i′) = load(τ ′, m′

1, b ′
1, i′) = 	v1
. The result follows from

hypothesis E � m1 ↪→ m2. ��

In the second case (Fig. 3, center), the original program performs no store in its
memory m1, but the transformed program stores some data in an area of its memory
m2 that is disjoint from the images of the blocks of m1.

Lemma 4 Let b 2, i, τ be a memory reference in m2 such that

∀b 1, δ, E(b 1) = 	b 2, δ
 ⇒ H(m1, b 1) + δ ≤ i ∨ i + |τ | ≤ L(m1, b 1) + δ

If E � m1 ↪→ m2 and store(τ, m2, b 2, i, v) = 	m′
2
, then E � m1 ↪→ m′

2.

Proof Consider a load in m1 from a mapped block: E(b 1) = 	b ′
2, δ
 and

load(τ ′, m1, b 1, i′) = 	v1
. By P25, this load is within bounds: L(m1, b 1) ≤ i′
and i′ + |τ ′| ≤ H(m1, b 1). By hypothesis E � m1 ↪→ m2, there exists v2 such that
load(τ, m2, b ′

2, i′ + δ) = 	v2
 and E � v1 ↪→ v2. We check that the separation con-
dition of S8 holds. This is obvious if b ′

2 �= b 2. Otherwise, by hypothesis on b 2,
either H(m1, b 1) + δ ≤ i or i + |τ | ≤ L(m1, b 1) + δ. In the first case, i′ + δ + |τ ′| ≤
H(m1, b 1) + δ ≤ i, and in the second case, i + |τ | ≤ L(m1, b 1) + δ ≤ i′ + δ. There-
fore, load(τ ′, m′

2, b ′
2, i′ + δ) = load(τ ′, m2, b ′

2, i′ + δ) = 	v2
, and the desired result
follows. ��

In the third case (Fig. 3, right), the original program stores a value v1 in a mapped
block of m1, while in parallel the transformed program stores a matching value v2

at the corresponding location in m2. For this operation to preserve the memory
embedding relation, it is necessary that the embedding E is nonaliasing. We say that
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an embedding E is nonaliasing in a memory state m if distinct blocks are mapped to
disjoint sub-blocks:

b 1 �= b 2 ∧ E(b 1) = 	b ′
1, δ1
 ∧ E(b 2) = 	b ′

2, δ2

⇒ b ′

1 �= b ′
2

∨ [L(m, b 1) + δ1,H(m, b 1) + δ1) ∩ [L(m, b 2) + δ2,H(m, b 2) + δ2) = ∅

The disjointness condition between the two intervals can be decomposed as follows:
either L(m, b 1) ≥ H(m, b 1) (block b 1 is empty), or L(m, b 2) ≥ H(m, b 2) (block b 2

is empty), orH(m, b 1) + δ1 ≤ L(m, b 2) + δ2, orH(m, b 2) + δ2 ≤ L(m, b 1) + δ1.

Lemma 5 Assume E � undef ↪→ undef. Let v1, v2 be two values and τ a type such
that v1 embeds in v2 after conversion to any type τ ′ compatible with τ :

∀τ ′, τ ∼ τ ′ ⇒ E � convert(v1, τ
′) ↪→ convert(v2, τ

′)

If E � m1 ↪→ m2 and E is nonaliasing in the memory state m1 and E(b 1) = 	b 2, δ

and store(τ, m1, b 1, i, v1) = 	m′

1
, then there exists a memory state m′
2 such that

store(τ, m2, b 2, i + δ, v2) = 	m′
2
 and moreover E � m′

1 ↪→ m′
2.

Proof The existence of m′
2 follows from Lemma 2 and property P24. Consider a

load in m′
1 from a mapped block: E(b ′

1) = 	b ′
2, δ

′
 and load(τ ′, m′
1, b ′

1, i′) = 	v′
1
.

By property D29, there are four cases to consider.

– Compatible: b ′
1 = b 1 and i′ = i and τ ∼ τ ′. In this case, v′

1 = convert(v1, τ
′).

By S7, we have load(τ ′, m′
2, b ′

2, i′ + δ′) = load(τ ′, m′
2, b 2, i + δ) =

	convert(v2, τ
′)
. The result E � v′

1 ↪→ convert(v2, τ
′) follows from the

hypothesis over v1 and v2.
– Incompatible: b ′

1 = b 1 and i′ = i and τ �∼ τ ′. In this case, v′
1 = undef. By P27

and P25, we have load(τ ′, m′
2, b ′

2, i′ + δ′) = load(τ ′, m′
2, b 2, i + δ) = 	undef
.

The result follows from the hypothesis E � undef ↪→ undef.
– Disjoint: b ′

1 �= b 1 or i′ + |τ ′| ≤ i or i + |τ | ≤ i′. In this case, load(τ ′, m1, b ′
1, i′) =

	v′
1
. By hypothesis E � m1 ↪→ m2, there exists v′

2 such that load(τ ′, m2, b ′
2, i′ +

δ′) = 	v′
2
 and E � v′

1 ↪→ v′
2. Exploiting the nonaliasing hypothesis over E and

m1, we show that the separation hypotheses of property S8 hold, which entails
load(τ ′, m′

2, b ′
2, i′ + δ′) = 	v′

2
 and the expected result.
– Overlapping: b ′

1 = b 1 and i′ �= i and i′ + |τ ′| > i and i + |τ | > i′. In this case v′
1 =

undef. We show load(τ ′, m′
2, b ′

2, i′ + δ′) = 	undef
 using P28, and conclude
using the hypothesis E � undef ↪→ undef. ��

We now turn to relating allocations with memory embeddings, starting with the
case where two allocations are performed in parallel, one in the original program,
the other in the transformed program.

Lemma 6 Assume E � undef ↪→ undef. If E � m1 ↪→ m2 and alloc(m1, l1, h1)=
	b 1, m′

1
 and alloc(m2, l2, h2) = 	b 2, m′
2
 and E(b 1) = 	b 2, δ
 and l2 ≤ l1 + δ and

h1 + δ ≤ h2 and max_alignment divides δ, then E � m′
1 ↪→ m′

2.
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Proof Consider a load in m′
1 from a mapped block: E(b ′

1) = 	b ′
2, δ
 and

load(τ, m′
1, b ′

1, i) = 	v1
. If b ′
1 �= b 1, we have load(τ, m1, b ′

1, i) = 	v1
 by S5, and
there exists v2 such that load(τ, m2, b ′

2, i + δ) = 	v2
 and E � v1 ↪→ v2. It must be
the case that b ′

2 �= b 2, otherwise the latter load would have failed (by S9 and P25).
The expected result load(τ, m′

2, b ′
2, i + δ) = 	v2
 follows from S5.

If b ′
1 = b 1, we have load(τ, m′

1, b 1, i) = 	undef
 by P26, and l1 ≤ i, i + |τ | ≤ h1

and |τ | divides i by P25 and P26. It follows that m′
2 |= τ @ b 2, i + δ, and therefore

load(τ, m′
2, b 2, i + δ) = 	undef
 by P25 and P26. This is the expected result since

E � undef ↪→ undef. ��

To complement Lemma 6, we also consider the cases where allocations are
performed either in the original program or in the transformed program, but not
necessarily in both. (See Fig. 4.) We omit the proof sketches, as they are similar to
that of Lemma 6.

Lemma 7 If E � m1 ↪→ m2 and alloc(m2, l, h) = 	b 2, m′
2
, then E � m1 ↪→ m′

2.

Lemma 8 If E � m1 ↪→ m2 and alloc(m1, l, h) = 	b 1, m′
1
 and E(b 1) = ε, then

E � m′
1 ↪→ m2.

Lemma 9 Assume E � undef ↪→ v for all values v. If E � m1 ↪→m2 and alloc(m1,

l, h) = 	b 1, m′
1
 and E(b 1) = 	b 2, δ
 and m2 |= b 2 andL(m2, b 2) ≤ l + δ and h + δ ≤

H(m2, b 2) and max_alignment divides δ, then E � m′
1 ↪→ m2.

Finally, we consider the interaction between free operations and memory em-
beddings. Deallocating a block in the original program always preserves embedding.

Lemma 10 If E � m1 ↪→ m2 and free(m1, b 1) = 	m′
1
, then E � m′

1 ↪→ m2.

Proof If load(τ, m′
1, b ′

1, i) = 	v1
, it must be that b ′
1 �= b 1 by P25 and P36. We then

have load(τ, m1, b ′
1, i) = 	v1
 by S6 and conclude by hypothesis E � m1 ↪→ m2. ��

Deallocating a block in the transformed program preserves embedding if no valid
block of the original program is mapped to the deallocated block.

Fig. 4 The three simulation lemmas for memory allocations. The grayed areas represent the freshly
allocated blocks
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Lemma 11 Assume ∀b 1, δ, E(b 1) = 	b 2, δ
 ⇒ ¬(m1 |= b 1). If E � m1 ↪→ m2 and
free(m2, b 2) = 	m′

2
, then E � m1 ↪→ m′
2.

Proof Assume E(b 1) = 	b ′
2, δ
 and load(τ, m1, b 1, i) = 	v1
. It must be the case

that b ′
2 �= b 2, otherwise m1 |= b 1 would not hold, contradicting P25. The result

follows from the hypothesis E � m1 ↪→ m2 and property S6. ��

Combining Lemmas 10 and 11, we see that embedding is preserved by freeing a
block b 1 in the original program and in parallel freeing a block b 2 in the transformed
program, provided that no block other than b 1 maps to b 2.

Lemma 12 Assume ∀b , δ, E(b)=	b 2, δ
 ⇒ b =b 1. If E � m1 ↪→ m2 and free(m1,

b 1) = 	m′
1
 and free(m2, b 2) = 	m′

2
, then E � m′
1 ↪→ m′

2.

Finally, it is useful to notice that the nonaliasing property of embeddings is
preserved by free operations.

Lemma 13 If E is nonaliasing in m1, and free(m1, b) = 	m′
1
, then E is nonaliasing

in m′
1.

Proof The block b becomes empty in m′
1: by P37, L(m′

1, b) = H(m′
1, b). The result

follows from the definition of nonaliasing embeddings. ��

5.2 Memory Extensions

We now instantiate the generic framework of Section 5.1 to account for the memory
transformations performed by the spilling pass: the transformed program allocates
larger blocks than the original program, and uses the extra space to store data of its
own (right part of Fig. 2).

Figure 5 illustrates the effect of this transformation on the memory operations
performed by the original and transformed programs. Each alloc in the original
program becomes an alloc operation with possibly larger bounds. Each store,
load and free in the original program corresponds to an identical operation in
the transformed program, with the same arguments and results. The transformed
program contains additional store and load operations, corresponding to spills

Fig. 5 Example of insertion of spill code. Left: original program, right: transformed program. The
variable x was spilled to the stack location at offset −4. The variable y was not spilled
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and reloads of variables, operating on memory areas that were not accessible in the
original program (here, the word at offset −4 in the block sp).

To prove that this transformation preserves semantics, we need a relation between
the memory states of the original and transformed programs that (1) guarantees that
matching pairs of load operations return the same value, and (2) is preserved by
alloc, store and free operations.

In this section, we consider a fixed embedding Eid that is the identity function:
Eid(b) = 	b , 0
 for all blocks b . Likewise, we define embedding between values as
equality between these values: Eid � v1 ↪→ v2 if and only if v1 = v2.

We say that a transformed memory state m2 extends an original memory state m1,
and write m1 ⊆ m2, if Eid embeds m1 in m2, and both memory states have the same
domain:

m1 ⊆ m2
def= Eid � m1 ↪→ m2 ∧ Dom(m1) = Dom(m2)

The ⊆ relation over memory states is reflexive and transitive. It implies the desired
equality between the results of a load performed by the initial program and the
corresponding load after transformation.

Lemma 14 If m1 ⊆ m2 and load(τ, m1, b , i) = 	v
, then load(τ, m2, b , i) = 	v
.

Proof Since Eid � m1 ↪→ m2 holds, and Eid(b) = 	b , 0
, there exists a value v′ such
that load(τ, m2, b , i) = 	v′
 and Eid � v ↪→ v′. The latter entails v′ = v and the
expected result. ��

We now show that any alloc, store or free operation over m1 is simulated by
a similar memory operation over m2, preserving the memory extension relation.

Lemma 15 Assume alloc(m1, l1, h1) = 	b 1, m′
1
 and alloc(m2, l2, h2) = 	b 2, m′

2
.
If m1 ⊆ m2 and l2 ≤ l1 and h1 ≤ h2, then b 1 = b 2 and m′

1 ⊆ m′
2.

Proof The equality b 1 = b 2 follows from P35. The embedding Eid � m′
1 ↪→ m′

2 fol-
lows from Lemma 6. The domain equality Dom(m′

1) = Dom(m′
2) follows from P32.

��

Lemma 16 Assume free(m1, b) = 	m′
1
 and free(m2, b) = 	m′

2
. If m1 ⊆ m2, then
m′

1 ⊆ m′
2.

Proof Follows from Lemma 12 and property P34. ��

Lemma 17 If m1 ⊆ m2 and store(τ, m1, b , i, v) = 	m′
1
, then there exists m′

2 such
that store(τ, m2, b , i, v) = 	m′

2
 and m′
1 ⊆ m′

2.

Proof Follows from Lemma 5 and property P33. By construction, the embedding Eid

is nonaliasing for any memory state. ��

Finally, the transformed program can also perform additional stores, provided
they fall outside the memory bounds of the original program. (These stores take place
when a variable is spilled to memory.) Such stores preserve the extension relation.



20 X. Leroy, S. Blazy

Lemma 18 Assume m1 ⊆ m2 and store(τ, m2, b , i, v) = 	m′
2
. If i + |τ | ≤ L(m1, b)

orH(m1, b) ≤ i, then m1 ⊆ m′
2.

Proof Follows from Lemma 4 and property P33. ��

5.3 Refinement of Stored Values

In this section, we consider the case where the original and transformed programs
allocate identically-sized blocks in lockstep, but some of the undef values produced
and stored by the original program can be replaced by more defined values in the
transformed program. This situation, depicted in the center of Fig. 2, occurs when
verifying the register allocation pass of Compcert. Figure 6 outlines an example of
this transformation.

We say that a value v1 is refined by a value v2, and we write v1 ≤ v2, if either
v1 = undef or v1 = v2. We assume that the convert function is compatible with
refinements: v1 ≤ v2 ⇒ convert(v1, τ ) ≤ convert(v2, τ ). (This is clearly the case
for the examples of convert functions given at the end of Section 2.)

We instantiate again the generic framework of Section 5.1, using the identity
embedding Eid = λb . 	b , 0
 and the value embedding

Eid � v1 ↪→ v2
def= v1 ≤ v2.

We say that a transformed memory state m2 refines an original memory state m1,
and write m1 ≤ m2, if Eid embeds m1 in m2, and both memory states have the same
domain:

m1 ≤ m2
def= Eid � m1 ↪→ m2 ∧ Dom(m1) = Dom(m2)

The ≤ relation over memory states is reflexive and transitive.
The following simulation properties are immediate consequences of the results

from Section 5.1.

Lemma 19 Assume alloc(m1, l, h) = 	b 1, m′
1
 and alloc(m2, l, h) = 	b 2, m′

2
. If
m1 ≤ m2, then b 1 = b 2 and m′

1 ≤ m′
2.

Lemma 20 Assume free(m1, b) = 	m′
1
 and free(m2, b) = 	m′

2
. If m1 ≤ m2, then
m′

1 ≤ m′
2.

Proof Follows from Lemma 12 and property P34. ��

Fig. 6 Example of register allocation. Left: original code, right: transformed code. Variables x and y
have been allocated to registers R1 and R2, respectively
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Lemma 21 If m1 ≤ m2 and load(τ, m1, b , i) = 	v1
, then there exists a value v2 such
that load(τ, m2, b , i) = 	v2
 and v1 ≤ v2.

Lemma 22 If m1 ≤ m2 and store(τ, m1, b , i, v1) = 	m′
1
 and v1 ≤ v2, then there

exists m′
2 such that store(τ, m2, b , i, v2) = 	m′

2
 and m′
1 ≤ m′

2.

5.4 Memory Injections

We now consider the most difficult memory transformation encountered in the
Compcert development, during the translation from Clight to Cminor: the removal
of some memory allocations performed by the Clight semantics and the coalescing of
other memory allocations into sub-areas of a single block (see Fig. 2, left).

The pseudocode in Fig. 7 illustrates the effect of this transformation on the
memory behavior of the program. Here, the transformation elected to “pull x out of
memory”, using a local variable x in the transformed program to hold the contents
of the block pointed by x in the original program. It also merged the blocks pointed
by y and z into a single block pointed by sp, with y corresponding to the sub-block
at offsets [0, 8) and z to the sub-block at offsets [8, 10).

To relate the memory states in the original and transformed programs at any given
point, we will again reuse the results on generic memory embeddings established
in Section 5.1. However, unlike in Sections 5.2 and 5.3, we cannot work with a
fixed embedding E, but need to build it incrementally during the proof of semantic
preservation.

In the Compcert development, we use the following relation between values v1 of
the original Clight program and v2 of the generated Cminor program, parametrized
by an embedding E:

E � undef ↪→ v2 E � int(n) ↪→ int(n) E � float(n) ↪→ float(n)

E(b 1) = 	b 2, δ
 i2 = i1 + δ

E � ptr(b 1, i1) ↪→ ptr(b 2, i2)

Fig. 7 Example of the Clight to Cminor translation. Left: original program, right: transformed
program. Block x in the original program is pulled out of memory; its contents are stored in the
local variable x in the transformed program. Blocks y and z become sub-blocks of sp, at offsets 0
and 8 respectively
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In other words, undef Clight values can be refined by any Cminor value; integers
and floating-point numbers must not change; and pointers are relocated as prescribed
by the embedding E. Notice in particular that if E(b) = ε, there is no Cminor value
v such that E � ptr(b , i) ↪→ v. This means that the source Clight program is not
allowed to manipulate a pointer value pointing to a memory block that we have
decided to remove during the translation.

We assume that the E � v1 ↪→ v2 relation is compatible with the convert func-
tion: E � v1 ↪→ v2 implies E � convert(v1, τ ) ↪→ convert(v2, τ ). (This clearly
holds for the examples of convert functions given at the end of Section 2.)

We say that an embedding E injects a Clight memory state m1 in a Cminor
memory state m2, and write E � m1 �→ m2, if the following four conditions hold:

E � m1 �→ m2
def= E � m1 ↪→ m2 (1)

∧ ∀b 1, m1 # b 1 ⇒ E(b 1) = ε (2)

∧ ∀b 1, b 2, δ, E(b 1) = 	b 2, δ
 ⇒ ¬(m2 # b 2) (3)

∧ E is nonaliasing for m1 (4)

Condition (1) is the embedding of m1 into m2 in the sense of Section 5.1. Conditions
(2) and (3) ensure that fresh blocks are not mapped, and that images of mapped
blocks are not fresh. Condition (4) ensures that the embedding does not cause sub-
blocks to overlap.

Using this definition, it is easy to show simulation results for the load and store
operations performed by the original program.

Lemma 23 If E � m1 �→ m2 and load(τ, m1, b 1, i) = 	v1
 and E(b 1) = 	b 2, δ
, then
there exists a value v2 such that load(τ, m2, b 2, i + δ) = 	v2
 and E � v1 ↪→ v2.

Proof By (1) and definition of E � m1 ↪→ m2. ��

Lemma 24 If E � m1 �→ m2 and store(τ, m1, b 1, i, v1) = 	m′
1
 and E(b 1) = 	b 2, δ


and E � v1 ↪→ v2, then there exists m′
2 such that store(τ, m2, b 2, i + δ, v2) = 	m′

2

and E � m′

1 �→ m′
2.

Proof Follows from Lemma 5. Conditions (2), (3) and (4) are preserved because of
properties S16 and P33. ��

Lemma 25 If E � m1 �→ m2 and store(τ, m1, b 1, i, v1) = 	m′
1
 and E(b 1) = ε, then

E � m′
1 �→ m′

2.

Proof Follows from Lemma 3 and properties S16 and P33. ��

In the Compcert development, given the algebra of values used (see Section 2),
we can define the following variants loadptr and storeptr of load and store
where the memory location being accessed is given as a pointer value:

loadptr(τ, m, a) =
match a with ptr(b , i) ⇒ load(τ, m, b , i) | _ ⇒ ε
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storeptr(τ, m, a, v) =
match a with ptr(b , i) ⇒ store(τ, m, b , i, v) | _ ⇒ ε

Lemmas 23 and 24 can then be restated in a more “punchy” way, taking advantage
of the way E � v1 ↪→ v2 is defined over pointer values:

Lemma 26 If E � m1 �→ m2 and loadptr(τ, m1, a1) = 	v1
 and E � a1 ↪→ a2, then
there exists a value v2 such that loadptr(τ, m2, a2) = 	v2
 and E � v1 ↪→ v2.

Lemma 27 If E � m1 �→ m2 and storeptr(τ, m1, b 1, a1, v1) = 	m′
1
 and E � a1 ↪→

a2 and E � v1 ↪→ v2, then there exists m′
2 such that storeptr(τ, m2, b 2, a2, v2) =

	m′
2
 and E � m′

1 �→ m′
2.

We now relate a sequence of deallocations performed in the original program
with a single deallocation performed in the transformed program. (In the example
of Fig. 7, this corresponds to the deallocations of x, y and z on one side and the
deallocation of sp on the other side.) If l is a list of block references, we define the
effect of deallocating these blocks as follows:

freelist(m, l) =
match l with
nil ⇒ 	m


| b :: l′ ⇒ match free(m, b) with ε ⇒ ε | 	m′
 ⇒ freelist(m′, l′)

Lemma 28 Assume freelist(m1, l) = 	m′
1
 and free(m2, b 2) = 	m′

2
. Further as-
sume that E(b 1) = 	b 2, δ
 ⇒ b 1 ∈ l for all b 1, δ; in other words, all blocks mapped
to b 2 are in l and therefore are being deallocated from m1. If E � m1 �→ m2, then
E � m′

1 �→ m′
2.

Proof First, notice that for all b 1 ∈ l, ¬(m′
1 |= b 1), by S13 and P36. Part (1) of

the expected result then follows from Lemmas 10 and 11. Parts (2) and (3) follow
from P34. Part (4) follows by repeated application of Lemma 13. ��

Symmetrically, we now consider a sequence of allocations performed by the orig-
inal program and relate them with a single allocation performed by the transformed
program. (In the example of Fig. 7, this corresponds to the allocations of x, y and
z on one side and the allocation of sp on the other side.) A difficulty is that the
current embedding E needs to be changed to map the blocks allocated by the original
program; however, changing E should not invalidate the mappings for pre-existing
blocks.

We say that an embedding E′ is compatible with an earlier embedding E, and
write E ≤ E′, if, for all blocks b , either E(b) = ε or E′(b) = E(b). In other words,
all blocks that are mapped by E remain mapped to the same target sub-block in
E′. This relation is clearly reflexive and transitive. Moreover, it preserves injections
between values:

Lemma 29 If E � v1 ↪→ v2 and E ≤ E′, then E′ � v1 ↪→ v2.
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We first state and prove simulation lemmas for one allocation, performed either
by the original program or by the transformed program. The latter case is straight-
forward:

Lemma 30 If E � m1 �→ m2 and alloc(m2, l, h) = 	b 2, m′
2
, then E � m1 �→ m′

2.

Proof Follows from Lemma 7 and property P32. ��

For an allocation performed by the original program, we distinguish two cases:
either the new block is unmapped (Lemma 31), or it is mapped to a sub-block of the
transformed program (Lemma 32).

Lemma 31 Assume E � m1 �→ m2 and alloc(m1, l, h) = 	b 1, m′
1
. Write E′ =

E{b 1 ← ε}. Then, E′ � m′
1 �→ m2 and E ≤ E′.

Proof By part (2) of hypothesis E � m1 ↪→ m2 and property P31, it must be the
case that E(b 1) = ε. It follows that E′ = E, and therefore we have E ≤ E′ and
E′ � m1 ↪→ m2. Applying Lemma 8, we obtain part (1) of the expected result
E′ � m′

1 �→ m2. Part (2) follows from P32. Parts (3) and (4) are straightforward. ��

Lemma 32 Assume alloc(m1, l, h) = 	b 1, m′
1
 and m2 |= b 2 and L(m2, b 2) ≤ l + δ

and h + δ ≤ H(m2, b 2) and max_alignment divides δ. Further assume that for all
blocks b ′ and offsets δ′,

E(b ′) = 	b 2, δ
′
 ⇒ H(m1, b ′) + δ′ ≤ l + δ ∨ h + δ ≤ L(m1, b ′) + δ′ (*)

Write E′ = E{b 1 ← 	b 2, δ
}. If E � m1 �→ m2, then E′ � m′
1 �→ m2 and E ≤ E′.

Proof By part (2) of hypothesis E � m1 ↪→ m2 and property P31, it must be the case
that E(b 1) = ε. It follows that E ≤ E′.

We first show that E′ � m1 ↪→ m2. Assume E′(b) = 	b ′, δ′
 and load(τ, m1,

b , i) = 	v
. It must be the case that b �= b 1, since b 1 is not valid in m1. Therefore,
E(b) = 	b ′, δ′
 and the result follows from part (1) of hypothesis E � m1 ↪→ m2 and
from Lemma 29.

Using Lemma 9, we obtain part (1) of the expected result E′ � m′
1 �→ m2. Part (2)

follows from P32. Part (3) follows from the fact that b 2 is not fresh (property P30).
Finally, part (4) follows from hypothesis (*) and property S15. ��

We now define the alloclist function, which, given a list L of (low, high)
bounds, allocates the corresponding blocks and returns both the list B of their refer-
ences and the final memory state. In the example of Fig. 7, the allocation of x, y and
z corresponds to an invocation of alloclist with the list L = (0, 4); (0, 8); (0, 2).

alloclist(m, L) =
match L with
nil ⇒ 	nil, m


| (l, h) :: L′ ⇒
match alloc(m, l, h) with
ε ⇒ ε
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| 	b , m′
 ⇒
match alloclist(m′, L′) with
ε ⇒ ε

| 	B, m′′
 ⇒ 	b :: B, m′′

Along with the list L = (l1, h1) . . . (ln, hn) of allocation requests to be performed

in the original program, we assume given the bounds (l, h) of a block to be allocated
in the transformed program, and a list P = p1, . . . , pn of elements of type option �,
indicating how these allocated blocks should be mapped in the transformed program.
If pi = ε, the i-th block is unmapped, but if pi = 	δi
, it should be mapped at offset δi.
In the example of Fig. 7, we have l = 0, h = 10, p1 = ε, p2 = 	0
, and p3 = 	8
.

We say that the quadruple (L, P, l, h) is well-formed if the following conditions
hold:

1. L and P have the same length.
2. If pi = 	δi
, then l ≤ li + δi and hi + δi ≤ h and max_alignment divides δi (the

image of the i-th block is within bounds and aligned).
3. If pi = 	δi
 and pj = 	δ j
 and i �= j, then hi + δi ≤ l j + δ j or h j + δ j ≤ li + δi

(blocks are mapped to disjoint sub-blocks).

Lemma 33 Assume that (L, P, l, h) is well-formed. Assume alloclist(m1, L) =
	B, m′

1
 and alloc(m2, l, h) = 	b , m′
2
. If E � m1 �→ m2, there exists an embedding

E′ such that E′ � m′
1 �→ m′

2 and E ≤ E′. Moreover, writing bi for the i-th element of
B and pi for the i-th element of P, we have E′(bi) = ε if pi = ε, and E′(bi) = 	b , δi

if pi = 	δi
.

Proof By Lemma 30, we have E � m1 �→ m′
2. We then show the expected result

by induction over the length of the lists L and P, using an additional induction
hypothesis: for all b ′, δ, i, if E(b ′) = 	b , δ
 and pi = 	δ′
, then hi + δi ≤ L(m1, b ′) + δ

or H(m1, b ′) + δ ≤ li + δi. In other words, the images of mapped blocks that remain
to be allocated are disjoint from the images of the mapped blocks that have already
been allocated. The proof uses Lemmas 31 and 32. We finish by proving the
additional induction hypothesis for the initial state, which is easy since the initial
embedding E does not map any block to a sub-block of the fresh block b . ��

6 Mechanical Verification

We now briefly comment on the Coq mechanization of the results presented
in this article, which can be consulted on-line at http://gallium.inria.fr/∼xleroy/
memory-model/. The Coq development is very close to what is presented here.
Indeed, almost all specifications and statements of theorems given in this article
were transcribed directly from the Coq development. The only exception is the
definition of well-formed multiple allocation requests at the end of Section 5.4, which
is presented as inductive predicates in the Coq development, such predicates being
easier to reason upon inductively than definitions involving i-th elements of lists.
Also, the Coq development proves additional lemmas not shown in this paper: 8
derived properties in the style of properties D19-D22, used to shorten the proofs
of Section 5, and 16 properties of auxiliary functions occurring in the concrete
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implementation of the model, used in the proofs of Section 4, especially that of
Lemma 1.

The mechanized development uses the Coq module system [6] to clearly separate
specifications from implementations. The specification of the abstract memory model
from Section 3, as well as the properties of the concrete memory model from
Section 4, are given as module signatures. The concrete implementation of the
model is a structure that satisfies these two signatures. The derived properties of
Sections 3 and 4, as well as the memory transformations of Section 5, are presented as
functors, i.e., modules parametrized by any implementation of the abstract signature
or concrete signature, respectively. This use of the Coq module system ensures that
the results we proved, especially those of Section 5, do not depend on accidental
features of our concrete implementation, but only on the properties stated earlier.

The Coq module system was effective at enforcing this kind of abstraction.
However, we hit one of its limitations: no constructs are provided to extend a
posteriori a module signature (interface) with additional declarations and logical
properties. The Standard ML and Objective Caml module systems support such
extensions through the open and include constructs, respectively. By lack of such
constructs in Coq, the signature of the abstract memory model must be manually
duplicated in the signature of the concrete memory model, and later changes to the
abstract signature must be manually propagated to the concrete signature. For our
development, this limitation was a minor annoyance, but it is likely to cause serious
problems for developments that involve a large number of refinement steps.

The Coq development represents approximately 1070 non-blank lines of specifi-
cations and statements of theorems, and 970 non-blank lines of proof scripts. Most
of the proofs are conducted manually, since Coq does not provide much support for
proof automation. However, our proofs intensively use the omega tactic, a decision
procedure for Presburger arithmetic that automates reasoning about linear equalities
and inequalities. The eauto (Prolog-style resolution) and congruence (equational
reasoning via the congruence closure algorithm) tactics were also occasionally useful,
but the tauto and firstorder tactics (propositional and first-order automatic rea-
soning, respectively) were either too weak (tauto) or too inefficient (firstorder)
to be useful.

As pointed out by one of the reviewers, our formalization is conducted mostly in
first-order logic: functions are used as data in Sections 4 and 5, but only to implement
finite maps, which admit a simple, first-order axiomatization. A legitimate question
to ask, therefore, is whether our proofs could be entirely automated using a modern
theorem prover for first-order logic. We experimented with this approach using three
automatic theorem provers: Ergo [7], Simplify [10] and Z3 [9]. The Why platform for
program proof [12] was used to administer the tests and to translate automatically
between the input syntaxes of the provers. Most of the Coq development was
translated to Why’s input syntax. (The only part we did not translate is the concrete
implementation of the memory model, because it uses recursive functions that are
difficult to express in this syntax.) Each derived property and lemma was given to the
three provers as a goal, with a time limit of 5 min of CPU time.4

4The test was run on a 2.4 GHz Intel Core 2 Duo processor, with 2 Gb of RAM, running the
MacOS 10.4 operating system. The versions of the provers used are: Ergo 0.7.2, compiled with OCaml
version 3.10.1; Simplify 1.5.5; Z3 1.1, running under CrossOver Mac.
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Table 1 Experiments with three automated theorem provers

Ergo Simplify Z3 At least one

Derived properties from Sections 3 and 4 15/15 15/15 15/15 15/15
Generic memory embeddings (Section 5.1) 7/12 1/12 6/12 9/12
Memory extensions (Section 5.2) 0/7 1/7 5/7 5/7
Refinement of stored values (Section 5.3) 2/8 3/8 6/8 6/8
Memory injections (Section 5.4) 4/8 4/8 7/8 7/8
Total 28/50 24/50 39/50 42/50

Table 1 summarizes the results of this experiment. A total of 50 goals were given to
the three provers: the derived properties D19-D22 and D29 from Sections 3 and 4, all
lemmas from Section 5, and some auxiliary lemmas present in the Coq development.
Of these 50 goals, 42 were proved by at least one of the three provers. The 8 goals that
all three provers fail to establish within the 5-min time limit correspond to Lemmas 5,
6, 12, 15, 17, 19, 22, and 31 from Section 5. These preliminary results are encouraging:
while interactive proof remains necessary for some of the most difficult theorems,
integration of first-order theorem proving within a proof assistant has great potential
to significantly shorten our proofs.

7 Related Work

Giving semantics to imperative languages and reasoning over pointer programs has
been the subject of much work since the late 1960’s. Reynolds [23] and Tennent and
Ghica [26] review some of the early work in this area. In the following, we mostly
focus on semantics and verifications that have been mechanized.

For the purpose of this discussion, memory models can be roughly classified as
either “high level”, where the model itself provides some guarantees of separation,
enforcement of memory bounds, etc., or “low-level”, where the memory is modeled
essentially as an array of bytes and such guarantees must be enforced through
additional logical assertions.

A paradigmatic example of high-level modeling is the Burstall-Bornat encoding
of records (struct), where each field is viewed as a distinct memory store mapping
addresses to contents [4, 5]. Such a representation captures the fact that distinct
fields of a struct value are separated: it becomes obvious that assigning to one
field though a pointer (p->f = x in C) leaves unchanged the values of any other
field. In turn, this separation guarantee greatly facilitates reasoning over programs
that manipulate linked data structures, as demonstrated by Mehta and Nipkow
[19] and the Caduceus program prover of Filliâtre and Marché [11]. However, this
representation makes it difficult to account for other features of the C language, such
as union types and some casts between pointer types.

Examples of low-level modeling of memory include Norrish’s HOL semantics
for C [21] and the work of Tuch et al. [27]. There, a memory state is essentially a
mapping from addresses to bytes, and allocation, loads and stores are axiomatized
in these terms. The axioms can either leave unspecified all behaviors undefined
in the C standard, or specify additional behaviors arising from popular violations
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of the C standard such as casts between incompatible pointer types. Reasoning
about programs and program transformations is more difficult than with a high-level
memory model; Tuch et al. [27] use separation logic to alleviate these difficulties.

The memory model presented in this article falls half-way between high-level
models and low-level models. It guarantees several useful properties: separation
between blocks obtained by distinct calls to alloc, enforcement of bounds during
memory accesses, and the fact that loads overlapping a prior store operation pre-
dictably return the undef value. These properties play a crucial role in verifying the
program transformations presented in Section 5. In particular, a lower-level memory
model where a load overlapping a previous store could return an unspecified value
would invalidate the simulation lemmas for memory injections (Section 5.4). On
the other hand, the model offers no separation guarantees over accesses performed
within the same memory block. The natural encoding of a struct value as a single
memory block does not, by itself, validate the Burstall-Bornat separation properties;
additional reasoning over field offsets is required.

Separation logic, introduced by O’Hearn et al. [22, 24], and the related spatial
logic of Jia and Walker [14], provide an elegant way to reason over memory
separation properties of pointer programs. Central to these approaches is the sep-
arating conjunction P ∗ Q, which guarantees that the logical assertions P and Q
talk about disjoint areas of the memory state. Examples of use of separation logic
include correctness proofs for memory allocators and garbage collectors [17, 18]. It
is possible, but not very useful, to define a separation logic on top of our memory
model, where in a separating conjunction P ∗ Q, every memory block is wholly
owned by either P or Q but not both. Appel and Blazy [1] develop a finer-grained
separation logic for the Cminor intermediate language of Compcert where disjoint
parts of a given block can be separated.

While intended for sequential programs, the memory model described in this
paper can also be used to describe concurrent executions in a strongly-consistent
shared memory context, where the memory effect of a concurrent program is
equivalent to an interleaving of the load and store operations performed by each
of its threads. Modern multiprocessor systems implement weakly-consistent forms of
shared memory, where the execution of a concurrent program cannot be described
as such interleavings of atomic load and store operations. The computer architecture
community has developed sophisticated hardware memory models to reason about
weakly-consistent memory. For instance, Shen et al. [25] use a term rewriting
system to define a memory model that decomposes load and store operations into
finer-grained operations. This model formalizes the notions of data replication and
instruction reordering. It aims at defining the legal behaviors of a distributed shared-
memory system that relies on execution trace of memory accesses. Another example
of architecture-centric memory model is that of Yang et al. [28].

Going back to memory models for programming languages, features of archi-
tectural models for weakly-consistent shared memory also appear in specifications
of programming languages that support shared-memory concurrency. A famous
example is Java, whose specification of its memory model has gone through several
iterations. Manson et al. [16] describe and formalize the latest version of the Java
memory model. Reasoning over concurrent, lock-free programs in Java or any
other shared-memory, weakly-consistent concurrency model remains challenging.
Reasoning over transformations of such programs is an open problem.
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Software written in C, especially systems code, often makes assumptions about
the layout of data in memory and the semantics of memory accesses that are left
unspecified by the C standard. Recent work by Nita et al. [20] develops a formal
framework to characterize these violations of the C standard and to automatically
detect the portability issues they raise. Central to their approach is the notion of a
platform, which is an abstract description of the assumptions that non-portable code
makes about concrete data representations. Some aspects of their notion of platform
are captured by our memory model, via the size and alignment functions and the
type compatibility relation from Section 2. However, our model does not account
for many other aspects of platforms, such as the layout and padding algorithm for
struct types.

8 Conclusions

We have presented and formalized a software memory model at a level of abstraction
that is intermediate between the high-level view of memory that underlies the C
standard and the low-level view of memory that is implemented in hardware. This
memory model is adequate for giving semantics and reasoning over intermediate
languages typically found in compilers. In particular, the main features of our model
(separation between blocks, bounds checking, and the undef value resulting from
ill-defined loads) played a crucial role in proving semantics preservation for the
Compcert verified compiler.

This model can also be used to give a concrete semantics for the C language that
specifies the behavior of a few popular violations of the C standard, such as arbitrary
casts between pointers, as well as pointer arithmetic within struct types. However,
many other violations commonly used in systems code or run-time systems for
programming languages (for instance, copying arrays of characters 4 or 8 elements
as a time using integer or floating-point loads and stores) cannot be accounted for
in our model. We have considered several variants of our model that could give
meaning to these idioms, but have not yet found one that would still validate all
simulation properties of Section 5. This remains an important direction for future
work, since such a model would be useful not only to reason over systems C code,
but also to prove that the semantics of such code is preserved during compilation by
the Compcert compiler.

Another direction for future work is to construct and prove correct refinements
from a high-level model such as the Burstall-Bornat model used in Caduceus [11]
to our model, and from our model to a low-level, hardware-oriented memory
model. Such refinements would strengthen the proof of semantic preservation of the
Compcert compiler, which currently uses a single memory model for the source and
target languages.
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Abstract. Cminor is a mid-level imperative programming language;
there are proved-correct optimizing compilers from C to Cminor and
from Cminor to machine language. We have redesigned Cminor so that
it is suitable for Hoare Logic reasoning and we have designed a Sepa-
ration Logic for Cminor. In this paper, we give a small-step semantics
(instead of the big-step of the proved-correct compiler) that is moti-
vated by the need to support future concurrent extensions. We detail
a machine-checked proof of soundness of our Separation Logic. This is
the first large-scale machine-checked proof of a Separation Logic w.r.t. a
small-step semantics. The work presented in this paper has been carried
out in the Coq proof assistant. It is a first step towards an environment
in which concurrent Cminor programs can be verified using Separation
Logic and also compiled by a proved-correct compiler with formal end-
to-end correctness guarantees.

1 Introduction

The future of program verification is to connect machine-verified source pro-
grams to machine-verified compilers, and run the object code on machine-verified
hardware. To connect the verifications end to end, the source language should
be specified as a structural operational semantics (SOS) represented in a log-
ical framework; the target architecture can also be specified that way. Proofs
of source code can be done in the logical framework, or by other tools whose
soundness is proved w.r.t. the SOS specification; these may be in safety proofs
via type-checking, correctness proofs via Hoare Logic, or (in source languages
designed for the purpose) correctness proofs by a more expressive proof theory.
The compiler—if it is an optimizing compiler—will be a stack of phases, each
with a well specified SOS of its own. There will be proofs of (partial) correctness
of each compiler phase, or witness-driven recognizers for correct compilations,
w.r.t. the SOS’s that are inputs and outputs to the phases.

Machine-verified hardware/compiler/application stacks have been built be-
fore. Moore described a verified compiler for a “high-level assembly language”
[13]. Leinenbach et al. [11] have built and proved a compiler for C0, a small
C-like language, as part of a project to build machine-checked correctness proofs
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K. Schneider and J. Brandt (Eds.): TPHOLs 2007, LNCS 4732, pp. 5–21, 2007.
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of source programs, Hoare Logic, compiler, micro-kernel, and RISC processor.
These are both simple one- or two-pass nonoptimizing compilers.

Leroy [12] has built and proved correct in Coq [1] a compiler called CompCert
from a high-level intermediate language Cminor to assembly language for the
Power PC architecture. This compiler has 4 intermediate languages, allowing
optimizations at several natural levels of abstraction. Blazy et al. have built and
proved correct a translator from a subset of C to Cminor [5]. Another compiler
phase on top (not yet implemented) will then yield a proved-correct compiler
from C to machine language. We should therefore reevaluate the conventional
wisdom that an entire practical optimizing compiler cannot be proved correct.

A software system can have components written in different languages, and we
would like end-to-end correctness proofs of the whole system. For this, we propose
a new variant of Cminor as a machine-independent intermediate language to
serve as a common denominator between high-level languages. Our new Cminor
has a usable Hoare Logic, so that correctness proofs for some components can
be done directly at the level of Cminor.

Cminor has a “calculus-like” view of local variables and procedures (i.e. local
variables are bound in an environment), while Leinenbach’s C0 has a “storage-
allocation” view (i.e. local variables are stored in the stack frame). The calculus-
like view will lead to easier reasoning about program transformations and easier
use of Cminor as a target language, and fits naturally with a multi-pass optimiz-
ing compiler such as CompCert; the storage-allocation view suits the one-pass
nonoptimizing C0 compiler and can accommodate in-line assembly code.

Cminor is a promising candidate as a common intermediate language for end-
to-end correctness proofs. But we have many demands on our new variant of
Cminor, only the first three of which are satisfied by Leroy’s Cminor.

• Cminor has an operational semantics represented in a logical framework.
• There is a proved-correct compiler from Cminor to machine language.
• Cminor is usable as the high-level target language of a C compiler.
◦ Our semantics is a small-step semantics, to support reasoning about in-

put/output, concurrency, and nontermination.
◦ Cminor is machine-independent over machines in the “standard model” (i.e.

32- or 64-bit single-address-space byte-addressable multiprocessors).
◦ Cminor can be used as a mid-level target language of an ML compiler [8], or

of an OO-language compiler, so that we can integrate correctness proofs of
ML or OO programs with the proofs of their run-time systems and libraries.

◦ As we show in this paper, Cminor supports an axiomatic Hoare Logic (in fact,
Separation Logic), proved sound with respect to the small-step semantics,
for reasoning about low-level (C-like) programs.

◦ In future work, we plan to extend Cminor to be concurrent in the “stan-
dard model” of thread-based preemptive lock-synchronized weakly consistent
shared-memory programming. The sequential soundness proofs we present
here should be reusable in a concurrent setting, as we will explain.

Leroy’s original Cminor had several Power-PC dependencies, is slightly clumsy
to use as the target of an ML compiler, and is a bit clumsy to use in Hoare-style
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reasoning. But most important, Leroy’s semantics is a big-step semantics that
can be used only to reason about terminating sequential programs. We have
redesigned Cminor’s syntax and semantics to achieve all of these goals. That
part of the redesign to achieve target-machine portability was done by Leroy
himself. Our redesign to ease its use as an ML back end and for Hoare Logic
reasoning was fairly simple. Henceforth in this paper, Cminor will refer to the
new version of the Cminor language.

The main contributions of this paper are a small-step semantics suitable for
compilation and for Hoare Logic; and the first machine-checked proof of sound-
ness of a sequential Hoare Logic (Separation Logic) w.r.t. a small-step semantics.
Schirmer [17] has a machine-checked big-step Hoare-Logic soundness proof for
a control flow much like ours, extended by Klein et al. [10] to a C-like memory
model. Ni and Shao [14] have a machine-checked proof of soundness of a Hoare-
like logic w.r.t. a small-step semantics, but for an assembly language and for
much simpler assertions than ours.

2 Big-Step Expression Semantics

The C standard [2] describes a memory model that is byte- and word-addressable
(yet portable to big-endian and little-endian machines) with a nontrivial seman-
tics for uninitialized variables. Blazy and Leroy formalized this model [6] for
the semantics of Cminor. In C, pointer arithmetic within any malloc’ed block
is defined, but pointer arithmetic between different blocks is undefined; Cmi-
nor therefore has non-null pointer values comprising an abstract block-number
and an int offset. A NULL pointer is represented by the integer value 0. Pointer
arithmetic between blocks, and reading uninitialized variables, are undefined but
not illegal: expressions in Cminor can evaluate to undefined (Vundef) without
getting stuck.

Each memory load or store is to a non-null pointer value with a “chunk”
descriptor ch specifying number of bytes, signed or unsigned, int or float. Storing
as 32-bit-int then loading as 8-bit-signed-byte leads to an undefined value. Load
and store operations on memory, m � v1

ch�→ v2 and m′ = m[v1
ch
:= v2], are partial

functions that yield results only if reading (resp., writing) a chunk of type ch
at address v1 is legal. We write m � v1

ch�→ v to mean that the result of loading
from memory m at address v1 a chunk-type ch is the value v.

The values of Cminor are undefined (Vundef), integers, pointers, and floats.
The int type is an abstract data-type of 32-bit modular arithmetic. The expres-
sions of Cminor are literals, variables, primitive operators applied to arguments,
and memory loads.

There are 33 primitive operation symbols op; two of these are for accessing
global names and local stack-blocks, and the rest is for integer and floating-point
arithmetic and comparisons. Among these operation symbols are casts. Cminor
casts correspond to all portable C casts. Cminor has an infinite supply ident of
variable and function identifiers id . As in C, there are two namespaces—each id
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can be interpreted in a local scope (using Evar (id)) or in a global scope (using
Eop with the operation symbol for accessing global names).

i : int ::= [0, 232)
v : val ::= Vundef | Vint (i) | Vptr (b, i) | Vfloat (f)
e : expr ::= Eval (v) | Evar (id) | Eop (op, el) | Eload (ch , e)

el : exprlist ::= Enil | Econs (e, el)

Expression Evaluation. In original Cminor, expression evaluation is expressed
by an inductive big-step relation. Big-step statement execution is problematic
for concurrency, but big-step expression evaluation is fine even for concurrent
programs, since we will use the separation logic to prove noninterference.

Evaluation is deterministic. Leroy chose to represent evaluation as a relation
because Coq had better support for proof induction over relations than over
function definitions. We have chosen to represent evaluation as a partial func-
tion; this makes some proofs easier in some ways: f(x) = f(x) is simpler than
f x y ⇒ f x z ⇒ y = z. Before Coq’s new functional induction tactic was avail-
able, we developed special-purpose tactics to enable these proofs. Although we
specify expression evaluation as a function in Coq, we present evaluation as a
judgment relation in Fig. 1. Our evaluation function is (proved) equivalent to
the inductively defined judgment Ψ ; (sp; ρ; φ; m) � e ⇓ v where:

Ψ is the “program,” consisting of a global environment (ident → optionblock)
mapping identifiers to function-pointers and other global constants, and a
global mapping (block → option function) that maps certain (“text-segment”)
addresses to function definitions.

sp : block. The “stack pointer” giving the address and size of the memory
block for stack-allocated local data in the current activation record.

ρ : env. The local environment, a finite mapping from identifiers to values.
φ : footprint. It represents the memory used by the evaluation of an expression

(or a statement). It is a mapping from memory addresses to permissions.
Leroy’s Cminor has no footprints.

m : mem. The memory, a finite mapping from blocks to block contents [6].
Each block represents the result of a C malloc, or a stack frame, a global
static variable, or a function code-pointer. A block content consists of the
dimensions of the block (low and high bounds) plus a mapping from byte
offsets to byte-sized memory cells.

e : expr. The expression being evaluated.
v : val. The value of the expression.

Loads outside the footprint will cause expression evaluation to get stuck. Since
the footprint may have different permissions for loads than for stores to some
addresses, we write φ � loadch v (or φ � storech v) to mean that all the addresses
from v to v + |ch| − 1 are readable (or writable).

To model the possibility of exclusive read/write access or shared read-only
access, we write φ0 ⊕ φ1 = φ for the “disjoint” sum of two footprints, where ⊕
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Ψ ; (sp; ρ;φ; m) � Eval (v) ⇓ v
x ∈ dom ρ

Ψ ; (sp; ρ; φ; m) � Evar (x) ⇓ ρ(x)

Ψ ; (sp; ρ; φ;m) � el ⇓ vl Ψ ; sp � op(vl) ⇓eval operation v

Ψ ; (sp; ρ; φ; m) � Eop (op, el) ⇓ v

Ψ ; (sp; ρ; φ; m) � e1 ⇓ v1 φ � loadch v1 m � v1
ch�→ v

Ψ ; (sp; ρ; φ;m) � Eload (ch, e1) ⇓ v

Fig. 1. Expression evaluation rules

is an associative and commutative operator with several properties such as φ0 �
storech v ⇒ φ1 	� loadch v, φ0 � loadch v ⇒ φ � loadch v and φ0 � storech v ⇒
φ � storech v. One can think of φ as a set of fractional permissions [7], with 0
meaning no permission, 0 < x < 1 permitting read, and 1 giving read/write
permission. A store permission can be split into two or more load permissions,
which can be reconstituted to obtain a store permission. Instead of fractions, we
use a more general and powerful model of sharable permissions similar to one
described by Parkinson [16, Ch. 5].

Most previous models of Separation Logic (e.g., Ishtiaq and O’Hearn [9])
represent heaps as partial functions that can be combined with an operator like
⊕. Of course, a partial function can be represented as a pair of a domain set
and a total function. Similarly, we represent heaps as a footprint plus a Cminor
memory; this does not add any particular difficulty to the soundness proofs for
our Separation Logic.

To perform arithmetic and other operations, in the third rule of Fig. 1, the
judgment Ψ ; sp � op(vl) ⇓eval operation v takes an operator op applied to a list of
values vl and (if vl contains appropriate values) produces some value v. Operators
that access global names and local stack-blocks make use of Ψ and sp respectively
to return the address of a global name or a local stack-block address.

States. We shall bundle together (sp; ρ; φ; m) and call it the state, written as σ.
We write Ψ ; σ � e ⇓ v to mean Ψ ; (spσ; ρσ; φσ; mσ) � e ⇓ v.

Notation. We write σ[:= ρ′] to mean the state σ with its environment component
ρ replaced by ρ′, and so on (e.g. see rules 2 and 3 of Fig. 2 in Section 4).

Fact. Ψ ; sp � op(vl) ⇓eval operation v and m � v1
ch�→ v are both deterministic

relations, i.e. functions.

Lemma 1. Ψ ; σ � e ⇓ v is a deterministic relation. (Trivial by inspection.)

Lemma 2. For any value v, there is an expression e such that ∀σ. (Ψ ; σ � e ⇓ v).

Proof. Obvious; e is simply Eval v. But it is important nonetheless: reasoning
about programs by rewriting and by Hoare Logic often requires this property, and
it was absent from Leroy’s Cminor for Vundef and Vptr values. �
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An expression may fetch from several different memory locations, or from the
same location several times. Because ⇓ is deterministic, we cannot model a sit-
uation where the memory is updated by another thread after the first fetch and
before the second. But we want a semantics that describes real executions on
real machines. The solution is to evaluate expressions in a setting where we
can guarantee noninterference. We will do this (in our extension to Concurrent
Cminor) by guaranteeing that the footprints φ of different threads are disjoint.
Erased Expression Evaluation. The Cminor compiler (CompCert) is proved cor-
rect w.r.t. an operational semantics that does not use footprints. Any program
that successfully evaluates with footprints will also evaluate ignoring footprints.
Thus, for sequential programs where we do not need noninterference, it is sound
to prove properties in a footprint semantics and compile in an erased semantics.
We formalize and prove this in the full technical report [4].

3 Small-Step Statement Semantics

The statements of sequential Cminor are:

s : stmt ::= x := e | [e1]ch :=e2 | loop s | block s | exit n

| call xl e el | return el | s1; s2 | if e then s1 else s2 | skip.

The assignment x := e puts the value of e into the local variable x. The store
[e1]ch :=e2 puts (the value of) e2 into the memory-chunk ch at address given
by (the value of) e1. (Local variables are not addressable; global variables and
heap locations are memory addresses.) To model exits from nested loops, block s
runs s, which should not terminate normally but which should exit n from the
(n+1)th enclosing block, and loop s repeats s infinitely or until it returns or exits.
call xl e el calls function e with parameters (by value) el and results returned back
into the variables xl . return el evaluates and returns a sequence of results, (s1; s2)
executes s1 followed by s2 (unless s1 returns or exits), and the statements if and
skip are as the reader might expect.

Combined with infinite loops and if statements, blocks and exits suffice to ex-
press efficiently all reducible control-flow graphs, notably those arising from C
loops. The C statements breakand continueare translated as appropriate exitstate-
ments. Blazy et al. [5] detail the translation of these C statements into Cminor.

Function Definitions. A program Ψ comprises two mappings: a mapping from
function names to memory blocks (i.e., abstract addresses), and a mapping from
memory blocks to function definitions. Each function definition may be written as
f = (xl , yl , n, s), where params(f) = xl is a list of formal parameters, locals(f) =
yl is a list of local variables, stackspace(f) = n is the size of the local stack-block
to which sp points, and the statement body(f) = s is the function body.

Operational Semantics. Our small-step semantics for statements is based on
continuations, mainly to allow a uniform representation of statement execution
that facilitates the design of lemmas. Such a semantics also avoids all search
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Ψ � (σ, (s1; s2) · κ) �−→ (σ, s1 · s2 · κ)
Ψ ; σ � e ⇓ v ρ′ = ρσ[x := v]

Ψ � (σ, (x := e) · κ) �−→ (σ[:= ρ′], κ)

Ψ ; σ � e1 ⇓ v1 Ψ ; σ � e2 ⇓ v2 φσ � storech v1 m′ = mσ[v1
ch
:= v2]

Ψ � (σ, ([e1]ch :=e2) · κ) �−→ (σ[:= m′], κ)

Ψ ; σ � e ⇓ v is true v

Ψ � (σ, (if e then s1 else s2) · κ) �−→ (σ, s1 · κ)

Ψ ; σ � e ⇓ v is false v

Ψ � (σ, (if e then s1 else s2) · κ) �−→ (σ, s2 · κ)
Ψ � (σ, skip · κ) �−→ (σ, κ)

Ψ � (σ, (loop s) · κ) �−→ (σ, s · loop s · κ) Ψ � (σ, (block s) · κ) �−→ (σ, s · Kblock κ)

j ≥ 1
Ψ � (σ, exit 0 · s1 · · · · sj · Kblock κ) �−→ (σ, κ)

j ≥ 1
Ψ � (σ, exit (n + 1) · s1 · · · · sj · Kblock κ) �−→ (σ, exit n · κ)

Fig. 2. Sequential small-step relation. We omit here call and return, which are in the
full technical report [4].

rules (congruence rules), which avoids induction over search rules in both the
Hoare-Logic soundness proof and the compiler correctness proof.1

Definition 1. A continuation k has a state σ and a control stack κ. There are
sequential control operators to handle local control flow (Kseq, written as ·), in-
traprocedural control flow (Kblock), and function-return (Kcall); this last carries
not only a control aspect but an activation record of its own. The control operator
Kstop represents the safe termination of the computation.

κ : control ::= Kstop | s · κ | Kblock κ | Kcall xl f sp ρ κ

k : continuation ::= (σ, κ)

The sequential small-step function takes the form Ψ � k �−→ k′ (see Fig. 2),
and we define as usual its reflexive transitive closure �−→∗. As in C, there is no
boolean type in Cminor. In Fig. 2, the predicate is true v holds if v is a pointer or
a nonzero integer; is false holds only on 0. A store statement [e1]ch :=e2 requires
the corresponding store permission φσ � storech v1.

Given a control stack block s·κ, the small-step execution of the block statement
block s enters that block: s becomes the next statement to execute and the control
stack becomes s · Kblock κ.

1 We have proved in Coq the equivalence of this small-step semantics with the big-step
semantics of CompCert (for programs that terminate).
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Exit statements are only allowed from blocks that have been previously en-
tered. For that reason, in the two rules for exit statements, the control stack
ends with (Kblock κ) control. A statement (exit n) terminates the (n + 1)th en-
closing block statements. In such a block, the stack of control sequences s1 · · · sj

following the exit statement is not executed. Let us note that this stack may be
empty if the exit statement is the last statement of the most enclosing block.
The small-step execution of a statement (exit n) exits from only one block (the
most enclosing one). Thus, the execution of an (exit 0) statement updates the
control stack (exit 0 · s1 · · · · sj ·Kblock κ) into κ. The execution of an (exit n+ 1)
statement updates the control stack (exit (n+1)·s1 ·· · · sj ·Kblock κ) into exitn·κ.

Lemma 3. If Ψ ; σ � e ⇓ v then Ψ � (σ, (x := e) · κ) �−→ k′ iff Ψ � (σ, (x :=
Eval v) ·κ)) �−→ k′ (and similarly for other statements containing expressions).
Proof. Trivial: expressions have no side effects. A convenient property nonethe-
less, and not true of Leroy’s original Cminor. �

Definition 2. A continuation k = (σ, κ) is stuck if κ 	= Kstop and there does
not exist k′ such that Ψ � k �−→ k′.

Definition 3. A continuation k is safe (written as Ψ � safe(k)) if it cannot
reach a stuck continuation in the sequential small-step relation �−→∗.

4 Separation Logic

Hoare Logic uses triples {P} s {Q} where P is a precondition, s is a statement of
the programming language, and Q is a postcondition. The assertions P and Q are
predicates on the program state. The reasoning on memory is inherently global.
Separation Logic is an extension of Hoare Logic for programs that manipulate
pointers. In Separation Logic, reasoning is local [15]; assertions such as P and
Q describe properties of part of the memory, and {P} s {Q} describes changes
to part of the memory. We prove the soundness of the Separation Logic via a
shallow embedding, that is, we give each assertion a semantic meaning in Coq.
We have P, Q : assert where assert = prog → state → Prop. So PΨσ is a
proposition of logic and we say that σ satisfies P .

Assertion Operators. In Fig. 3, we define the usual operators of Separation Logic:
the empty assertion emp, separating conjunction ∗, disjunction ∨, conjunction
∧, implication ⇒, negation ¬, and quantifier ∃. A state σ satisfies P ∗ Q if its
footprint φσ can be split into φ1 and φ2 such that σ[:= φ1] satisfies P and
σ[:= φ2] satisfies Q. We also define some novel operators such as expression
evaluation e ⇓ v and base-logic propositions �A�.

O’Hearn and Reynolds specify Separation Logic for a little language in which
expressions evaluate independently of the heap [15]. That is, their expressions
access only the program variables and do not even have read side effects on the
memory. Memory reads are done by a command of the language, not within
expressions. In Cminor we relax this restriction; expressions can read the heap.
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emp =def λΨσ. φσ = ∅

P ∗Q =def λΨσ. ∃φ1.∃φ2. φσ = φ1 ⊕ φ2 ∧ P (σ[:= φ1]) ∧ Q(σ[:= φ2])

P ∨Q =def λΨσ. Pσ ∨ Qσ

P ∧Q =def λΨσ. Pσ ∧ Qσ

P ⇒ Q =def λΨσ. Pσ ⇒ Qσ

¬P =def λΨσ. ¬(Pσ)

∃z.P =def λΨσ. ∃z.Pσ

	A
 =def λΨσ. A where σ does not appear free in A

true =def λΨσ.True false =def 	False


e ⇓ v =def emp ∧ 	pure(e)
 ∧ λΨσ. (Ψ ; σ � e ⇓ v)

	e
expr =def ∃v. e ⇓ v ∧ 	is true v


defined(e) =def 	e
int
== e
expr ∨ 	e

float
== e
expr

e1
ch
→ e2 =def ∃v1.∃v2.(e1 ⇓ v1) ∧ (e2 ⇓ v2) ∧ (λσ, mσ � v1

ch
→ v2 ∧ φσ � storech v1) ∧ defined(v2)

Fig. 3. Main operators of Separation Logic

But we say that an expression is pure if it contains no Eload operators—so that
it cannot read the heap.

In Hoare Logic one can use expressions of the programming language as
assertions—there is an implicit coercion. We write the assertion e ⇓ v to mean
that expression e is pure and evaluates to value v in the operational semantics.
This is an expression of Separation Logic, in contrast to Ψ ; σ � e ⇓ v which is
a judgment in the underlying logic. In a previous experiment, our Separation
Logic permitted impure expressions in e ⇓ v. But, this complicated the proofs
unnecessarily. Having emp ∧ �pure(e)� in the definition of e ⇓ v leads to an
easier-to-use Separation Logic.

Hoare Logic traditionally allows expressions e of the programming language
to be used as expressions of the program logic. We will define explicitly �e�expr

to mean that e evaluates to a true value (i.e. a nonzero integer or non-null
pointer). Following Hoare’s example, we will usually omit the � �expr braces in
our Separation Logic notation.

Cminor’s integer equality operator, which we will write as e1
int
== e2, applies

to integers or pointers, but in several cases it is “stuck” (expression evaluation
gives no result): when comparing a nonzero integer to a pointer; when comparing

Vundef or Vfloat(x) to anything. Thus we can write the assertion �e int
== e�expr

(or just write e
int
== e) to test that e is a defined integer or pointer in the current

state, and there is a similar operator e1
float
== e2.

Finally, we have the usual Separation Logic singleton “maps-to”, but anno-
tated with a chunk-type ch. That is, e1

ch�→ e2 means that e1 evaluates to v1, e2
evaluates to v2, and at address v1 in memory there is a defined value v2 of the
given chunk-type. Let us note that in this definition, defined(v1) is implied by
the third conjunct. defined(v2) is a design decision. We could leave it out and
have a slightly different Separation Logic.
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P ⇒ P ′ Γ ; R;B � {P ′}s{Q′} Q′ ⇒ Q

Γ ; R; B � {P}s{Q}
Γ ;R; B � {P}skip{P}

Γ ;R; B � {P}s1{P ′} Γ ; R; B � {P ′}s2{Q}
Γ ;R; B � {P}s1; s2{Q}

ρ′ = ρσ[x := v] P = (∃v. e ⇓ v ∧ λσ. Q σ[:= ρ′])
Γ ; R; B � {P}x := e{Q}

pure (e) pure (e2) P = (e ch�→ e2 ∧ defined(e1))

Γ ;R; B � {P}[e]ch :=e1{e
ch�→ e1}

pure (e) Γ ; R;B � {P ∧ e}s1{Q} Γ ; R; B � {P ∧ ¬e}s2{Q}
Γ ;R; B � {P}if e then s1 else s2{Q}

Γ ;R; B � {I}s{I}
Γ ;R; B � {I}loop s{false}

Γ ; R; Q · B � {P}s{false}
Γ ; R; B � {P}block s{Q}

Γ ;R; B � {B(n)}exit n{false}

Γ ;R; B � {P}s{Q} modified vars(s) ∩ free vars(A) = ∅
Γ ; (λvl .A ∗ R(vl)); (λn.A ∗ B(n)) � {A ∗ P}s{A ∗ Q}

Fig. 4. Axiomatic Semantics of Separation Logic (without call and return)

The Hoare Sextuple. Cminor has commands to call functions, to exit (from
a block), and to return (from a function). Thus, we extend the Hoare triple
{P} s {Q} with three extra contexts to become Γ ; R; B � {P}s{Q} where:

Γ : assert describes context-insensitive properties of the global environment;
R : list val→assert is the return environment, giving the current function’s post-

condition as a predicate on the list of returned values; and
B : nat → assert is the block environment giving the exit conditions of each

block statement in which the statement s is nested.

Most of the rules of sequential Separation Logic are given in Fig. 4. In this
paper, we omit the rules for return and call, which are detailed in the full tech-
nical report. Let us note that the Γ context is used to update global function
names, none of which is illustrated in this paper.

The rule for [e]ch :=e1 requires the same store permission than the small-step

rule, but in Fig. 4, the permission is hidden in the definition of e
ch�→ e2. The

rules for [e]ch :=e1 and if e then s1 else s2 require that e be a pure expression. To
reason about an such statements where e is impure, one reasons by program
transformation using the following rules. It is not necessary to rewrite the actual
source program, it is only the local reasoning that is by program transformation.
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x, y not free in e, e1, Q Γ ; R; B � {P} x := e; y := e1; [x]ch :=y {Q}
Γ ; R; B � {P}[e]ch :=e1{Q}

x not free in s1, s2, Q Γ ; R; B � {P} x := e; if x then s1 else s2 {Q}
Γ ; R; B � {P} if e then s1 else s2 {Q}

The statement exit i exits from the (i + 1)th enclosing block. A block environ-
ment B is a sequence of assertions B0, B1, . . . , Bk−1 such that (exit i) is safe as
long as the precondition Bi is satisfied. We write nilB for the empty block envi-
ronment and B′ = Q · B for the environment such that B′

0 = Q and B′
i+1 = Bi.

Given a block environment B, a precondition P and a postcondition Q, the ax-
iomatic semantics of a (block s) statement consists in executing some statements
of s given the same precondition P and the block environment Q ·B (i.e. each ex-
isting block nesting is incremented). The last statement of s to be executed is an
exit statement that yields the false postcondition. An (exit n) statement is only al-
lowed from a corresponding enclosing block, i.e. the precondition B(n) must exist
in the block environment B and it is the precondition of the (exit n) statement.

Frame Rules. The most important feature of Separation Logic is the frame rule,
usually written {P} s {Q}

{A ∗ P} s {A ∗ Q}
The appropriate generalization of this rule to our language with control flow is
the last rule of Fig. 4. We can derive from it a special frame rule for simple
statements s that do not exit or return:

∀R, B.(Γ ; R; B � {P} s {Q}) modified vars(s) ∩ free vars(A) = ∅
Γ ; R; B � {A ∗ P} s {A ∗ Q}

Free Variables. We use a semantic notion of free variables: x is not free in as-
sertion A if, in any two states where only the binding of x differs, A gives the
same result. However, we found it necessary to use a syntactic (inductive) defin-
ition of the variables modified by a command. One would think that command c
“modifies” x if there is some state such that by the time c terminates or exits, x
has a different value. However, this definition means that the modified variables
of if false then B else C are not a superset of the modified variables of C;
this lack of an inversion principle led to difficulty in proofs.

Auxiliary Variables. It is typical in Hoare Logic to use auxiliary variables to relate
the pre- and postconditions, e.g., the variable a in {x = a} x := x+1 {x = a+1}.
In our shallow embedding of Hoare Logic in Coq, the variable a is a Coq vari-
able, not a Cminor variable; formally, the user would prove in Coq the proposi-
tion, ∀a, (Γ ; R; B � {P}s{Q}) where a may appear free in any of Γ, R, B, P, s, Q.
The existential assertion ∃z.Q is useful in conjunction with this technique.

Assertions about functions require special handling of these quantified auxil-
iary variables. The assertion that some value f is a function with precondition
P and postcondition Q is written f : ∀x1∀x2 . . . ∀xn, {P}{Q} where P and Q
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are functions from value-list to assertion, each ∀ is an operator of our separation
logic that binds a Coq variable xi using higher-order abstract syntax.

Application. In the full technical report [4], we show how the Separation Logic
(i.e. the rules of Fig. 4) can be used to prove partial correctness properties of
programs, with the classical in-place list-reversal example. Such proofs rely on
a set of tactics, that we have written in the tactic definition language of Coq, to
serve as a proof assistant for Cminor Separation Logic proofs [3].

5 Soundness of Separation Logic

Soundness means not only that there is a model for the logic, but that the
model is the operational semantics for which the compiler guarantees correctness!
In principle we could prove soundness by syntactic induction over the Hoare
Logic rules, but instead we will give a semantic definition of the Hoare sextuple
Γ ; R; B � {P} s {Q}, and then prove each of the Hoare rules as a derived lemma
from this definition.

A simple example of semantic specification is that the Hoare Logic P ⇒ Q
is defined, using the underlying logical implication, as ∀Ψσ. P Ψ σ ⇒ Q Ψ σ.
From this, one could prove soundness of the Hoare Logic rule on the left (where
the ⇒ is a symbol of Hoare Logic) by expanding the definitions into the lemma
on the right (where the ⇒ is in the underlying logic), which is clearly provable
in higher-order logic:

P ⇒ Q Q ⇒ R

P ⇒ R

∀Ψσ.(PΨσ ⇒ QΨσ) ∀Ψσ.(QΨσ ⇒ RΨσ)
∀Ψσ.(PΨσ ⇒ RΨσ)

Definition 4. (a) Two states σ and σ′ are equivalent (written as σ ∼= σ′) if
they have the same stack pointer, extensionally equivalent environments, iden-
tical footprints, and if the footprint-visible portions of their memories are the
same. (b) An assertion is a predicate on states that is extensional over equivalent
environments (in Coq it is a dependent product of a predicate and a proof of
extensionality).

Definition 5. For any control κ, we define the assertion safe κ to mean that
the combination of κ with the current state is safe:

safe κ =def λΨσ. ∀σ′. (σ ∼= σ′ ⇒ Ψ � safe (σ′, κ))

Definition 6. Let A be a frame, that is, a closed assertion (i.e. one with no free
Cminor variables). An assertion P guards a control κ in the frame A (written
as P ��A κ) means that whenever A ∗ P holds, it is safe to execute κ. That is,

P ��A κ =def A ∗ P ⇒ safe κ.

We extend this notion to say that a return-assertion R (a function from value-
list to assertion) guards a return, and a block-exit assertion B (a function from
block-nesting level to assertions) guards an exit:

R r��A κ =def ∀vl .R(vl)��A return vl ·κ B b��A κ =def ∀n.B(n)��A exitn ·κ
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Lemma 4. If P ��A s1 · s2 · κ then P ��A (s1; s2) · κ.

Lemma 5. If R r��A κ then ∀s, R r��A s · κ. If B b��A κ then ∀s, B b��A s · κ.

Definition 7 (Frame). A frame is constructed from the global environment Γ ,
an arbitrary frame assertion A, and a statement s, by the conjunction of Γ with
the assertion A closed over any variable modified by s:

frame(Γ, A, s) =def Γ ∗ closemod(s, A)

Definition 8 (Hoare sextuples). The Hoare sextuples are defined in “contin-
uation style,” in terms of implications between continuations, as follows:

Γ ; R; B � {P} s {Q} =def ∀A, κ.

R r��frame(Γ,A,s) κ ∧ B b��frame(Γ,A,s) κ ∧ Q ��frame(Γ,A,s) κ ⇒ P ��frame(Γ,A,s) s · κ

From this definition we prove the rules of Fig. 4 as derived lemmas.
It should be clear from the definition—after one gets over the backward na-

ture of the continuation transform—that the Hoare judgment specifies partial
correctness, not total correctness. For example, if the statement s infinitely loops,
then the continuation (σ, s · κ) is automatically safe, and therefore P ��A s · κ
always holds. Therefore the Hoare tuple Γ ; R; B � {P}s{Q} will hold for that
s, regardless of Γ, R, B, P, Q.

Sequence. The soundness of the sequence statement is the proof that if the
hypotheses H1 : Γ ; R; B � {P} s1 {P ′} and H2 : Γ ; R; B � {P ′} s2 {Q} hold,
then we have to prove Goal : Γ ; R; B � {P} s1; s2 {Q} (see Fig. 4). If we unfold
the definition of the Hoare sextuples, H1, H2 and Goal become:

(∀A,κ)
R r��frame(Γ,A,(s1;s2)) κ B b��frame(Γ,A,(s1;s2)) κ Q ��frame(Γ,A,(s1;s2)) κ

P ��frame(Γ,A,(s1;s2)) (s1; s2) · κ
Goal

We prove P ��frame(Γ,A,(s1;s2)) (s1; s2) · k using Lemma 4:2

R r�� k

R r�� s2 · k
Lm. 5

B b�� k

B b�� s2 · k
Lm. 5

R r�� k B b�� k Q �� k

P ′ �� s2 · k
H2

P �� s1 · s2 · k

P �� (s1; s2) · k
Lm. 4

H1

Loop Rule. The loop rule turns out to be one of the most difficult ones to prove. A
loop continues executing until the loop-body performs an exit or return. If loop s
executes n steps, then there will be 0 or more complete iterations of n1, n2, . . .
steps, followed by j steps into the last iteration. Then either there is an exit
(or return) from the loop, or the loop will keep going. But if the exit is from an
inner-nested block, then it does not terminate the loop (or even this iteration).
Thus we need a formal notion of when a statement exits.
2 We will elide the frames from proof sketches by writing �� without a subscript;

this particular proof relies on a lemma that closemod(s1, closemod((s1; s2), A)) =
closemod((s1; s2), A).
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Consider the statement s = if b then exit 2 else (skip; x := y), executing in state
σ. Let us execute n steps into s, that is, Ψ � (σ, s · κ) �−→n (σ′, κ′). If n is small,
then the behavior should not depend on κ; only when we “emerge” from s is
κ important. In this example, if ρσb is a true value, then as long as n ≤ 1 the
statement s can absorb n steps independent of κ; if ρσb is a false value, then s can
absorb up to 3 steps. To reason about absorption, we define the concatenation
κ1 ◦ κ2 of a control prefix κ1 and a control κ2 as follows:

Kstop ◦ κ =def κ (Kblock κ′) ◦ κ =def Kblock (κ′ ◦ κ)
(s · κ′) ◦ κ =def s · (κ′ ◦ κ) (Kcall xl f sp ρ κ′) ◦ κ =def Kcall xl f sp ρ (κ′ ◦ κ)

Kstop is the empty prefix; Kstop ◦ κ does not mean “stop,” it means κ.

Definition 9 (absorption). A statement s in state σ absorbs n steps (written
as absorb(n, s, σ)) iff ∀j ≤ n. ∃κprefix.∃σ′. ∀κ. Ψ � (σ, s · κ) �−→j (σ′, κprefix ◦ κ).

Example 1. An exit statement by itself absorbs no steps (it immediately uses its
control-tail), but block (exit 0) can absorb the 2 following steps:
Ψ � (σ, block (exit 0) · κ) �−→ (σ, exit 0 · Kblock κ) �−→ (σ, κ)

Lemma 6. 1. absorb(0, s, σ).
2. absorb(n + 1, s, σ) ⇒ absorb(n, s, σ).
3. If ¬absorb(n, s, σ), then ∃i < n.absorb(i, s, σ) ∧ ¬absorb(i + 1, s, σ). We say

that s absorbs at most i steps in state σ.

Definition 10. We write (s; )ns′ to mean s; s; . . . ; s;
︸ ︷︷ ︸

n

s′.

Lemma 7.
Γ ; R; B � {I}s{I}

Γ ; R; B � {I}(s; )nloop skip{false}

Proof. For n = 0, the infinite-loop (loop skip) satisfies any precondition for par-
tial correctness. For n + 1, assume κ, R r�� κ, B b�� κ; by the induction hypothesis
(with R r��κ and B b��κ) we know I��(s; )nloop skip·κ. We have R r��(s; )nloop skip·κ
and B b�� (s; )nloop skip ·κ by Lemma 5. We use the hypothesis Γ ; R; B � {I}s{I}
to augment the result to I �� (s; (s; )nloop skip) · κ. �

Theorem 1.
Γ ; R; B � {I}s{I}

Γ ; R; B � {I}loop s{false}

Proof. Assume κ, R r�� κ, B b�� κ. To prove I �� loop s · κ, assume σ and Iσ
and prove safe (σ, loop s · κ). We must prove that for any n, after n steps we
are not stuck. We unfold the loop n times, that is, we use Lemma 7 to show
safe (σ, (s; )nloop skip · κ). We can show that if this is safe for n steps, so is
loop s · κ by the principle of absorption. Either s absorbs n steps, in which case
we are done; or s absorbs at most j < n steps, leading to a state σ′ and a control
(respectively) κprefix ◦ (s; )n−1loop skip · κ or κprefix ◦ loop s · κ. Now, because s
cannot absorb j + 1 steps, we know that either κprefix is empty (because s has
terminated normally) or κprefix starts with a return or exit, in which case we
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escape (resp. past the loop skip or the loop s) into κ. If κprefix is empty then we
apply strong induction on the case n − j steps; if we escape, then (σ′, κ) is safe
iff (σ, loop s · κ) is safe. (For example, if j = 0, then it must be that s = return
or s = exit , so in one step we reach κprefix ◦ (loop s · κ) with κprefix = return or
κprefix = exit .) �

6 Sequential Reasoning About Sequential Features

Concurrent Cminor, like most concurrent programming languages used in prac-
tice, is a sequential programming language with a few concurrent features (locks
and threads) added on. We would like to be able to reason about the sequential
features using purely sequential reasoning. If we have to reason about all the
many sequential features without being able to assume such things as determi-
nacy and sequential control, then the proofs become much more difficult.

One would expect this approach to run into trouble because critical assump-
tions underlying the sequential operational semantics would not hold in the
concurrent setting. For example, on a shared-memory multiprocessor we can-
not assume that (x:=x+1; x:=x+1) has the same effect as (x:=x+2); and on
any real multiprocessor we cannot even assume sequential consistency—that the
semantics of n threads is some interleaving of the steps of the individual threads.

We will solve this problem in several stages. Stage 1 of this plan is the current
paper. Stages 2, 3, and 4 are work in progress; the remainder is future work.

1. We have made the language, the Separation Logic, and our proof extensible:
the set of control-flow statements is fixed (inductive) but the set of straight-
line statements is extensible by means of a parameterized module in Coq.
We have added to each state σ an oracle which predicts the meaning of the
extended instruction (but which does nothing on the core language). All the
proofs we have described in this paper are on this extensible language.

2. We define spawn, lock, and unlock as extended straight-line statements. We
define a concurrent small-step semantics that assumes noninterference (and
gets “stuck” on interference).

3. From this semantics, we calculate a single-thread small-step semantics equip-
ped with the oracle that predicts the effects of synchronizations.

4. We define a Concurrent Separation Logic for Cminor as an extension of the
Sequential Separation Logic. Its soundness proof uses the sequential sound-
ness proof as a lemma.

5. We will use Concurrent Separation Logic to guarantee noninterference of
source programs. Then (x:=x+1; x:=x+1) will have the same effect as
(x:=x+2).

6. We will prove that the Cminor compiler (CompCert) compiles each footprint-
safe source thread into an equivalent footprint-safe machine-language thread.
Thus, noninterfering source programs will produce noninterfering machine-
language programs.
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7. We will demonstrate, with respect to a formal model of weak-memory-
consistency microprocessor, that noninterfering machine-language programs
give the same results as they would on a sequentially consistent machine.

7 The Machine-Checked Proof

We have proved in Coq the soundness of Separation Logic for Cminor. Each
rule is proved as a lemma; in addition there is a main theorem that if you prove
all your function bodies satisfy their pre/postconditions, then the program “call
main()” is safe. We have informally tested the adequacy of our result by doing
tactical proofs of small programs [3].

Lines Component
41 Axioms: dependent unique choice, relational choice, extensionality

8792 Memory model, floats, 32-bit integers, values, operators, maps (ex-
actly as in CompCert [12])

4408 Sharable permissions, Cminor language, operational semantics
462 Separation Logic operators and rules

9874 Soundness proof of Separation Logic

These line counts include some repetition of specifications (between Modules
and Module Types) in Coq’s module system.

8 Conclusion

In this paper, we have defined a formal semantics for the language Cminor. It
consists of a big-step semantics for expressions and a small-step semantics for
statements. The small-step semantics is based on continuations mainly to allow
a uniform representation of statement execution. The small-step semantics deals
with nonlocal control constructs (return, exit) and is designed to extend to the
concurrent setting.

Then, we have defined a Separation Logic for Cminor. It consists of an as-
sertion language and an axiomatic semantics. We have extended classical Hoare
triples to sextuples in order to take into account nonlocal control constructs.
From this definition of sextuples, we have proved the rules of axiomatic seman-
tics, thus proving the soundness of our Separation Logic.

We have also proved the semantic equivalence between our small-step seman-
tics and the big-step semantics of the CompCert certified compiler, so the Cminor
programs that we prove in Separation Logic can be compiled by the CompCert
certified compiler. We plan to connect a Cminor certified compiler directly to
the small-step semantics, instead of going through the big-step semantics.

Small-step reasoning is useful for sequential programming languages that will
be extended with concurrent features; but small-step reasoning about nonlocal
control constructs mixed with structured programming (loop) is not trivial. We
have relied on the determinacy of the small-step relation so that we can define
concepts such as absorb(n, s, σ).
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