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Lemma plus_assoc_l : (n,m,p:nat)((plus n (plus m p))=(plus (plus n m) p)).

Õ x���i�r(e��'i:�scdb�r%¥�i�cughx���g Ö&Ï�cdi����Vi�xFeP��^�cÇ�AÐ rNxô�ai��È�ai�r�������c�g �Fe��|�drNgÑ¥�^�xFe%�uU
Intros n m p.
Elim n.

(* Cas de base*)
Simpl.
Apply refl_equal.

(* Étape d’induction*)
Intros.
Simpl.
Rewrite -> H.
Apply refl_equal.

Intros n m p.
Elim n.
(* On passe d’un cas à l’autre *)
2:Intros.
1:Simpl.
2:Simpl.
2:Rewrite -> H.
1:Apply refl_equal.
1:Apply refl_equal.
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�4iÏ�Fcdi�r%¥�i���b�c�cdi�� �(b�x��a^�xse�x�Ð ^LÏ2¥�g��4i�����i�xse9��r�Ð rNxÓx&%�rs�('VU
Intros;Elim n;[Simpl|Intros;Simpl;Rewrite->H];Apply refl_equal.

Zw^�gh�|efb�r(efi��u��i����Fcdi�r%¥�i��u��b�c�c�i�� ��b�x��4i�xFe:Ò�rNx�imc�i¤�Fc�Ï���i�xsef^�e�g�b�xô�d^�x�b�x�g���rsiÈ�ab�x�x�ÏdiÇg���g]��b�rN�*)�b�c���i
�*Ð rNx ³!z e¤i�c��ViÇU
proof:
[n,m,p:nat]
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r!s�tzp qEr!s�tYh6iQv3x{q
x4mp4|W}�~P� h
�1~P�ahEk�l*p qEr!s�tOp q
r!s�tah6iQv�x&qExg h-��j hEk�lCm�p!��h-��xWy3p!��p q
r!s�t3p q
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: @4�a;4@�9�<>=����a�& ¢¡�B�L�L R¢£¥¤af -> p�pCh�j hIk�l�x]p!¦§h/x�¨�©3p!¦ªp4�zh/x�xTx
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Lemma pbmeta : (a,b,c,d:nat)a=b->b=c->a=d->a=c.
Intros;EApply trans_equal.
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Intros;EApply Trans-equal.
Instanciate 1 b (* on a forcé l’instanciation initialement introduite par la tactique effacée *)
Try EExact H1.
EExact H.
EExact H0.
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ÇiÈ �vÉ���Ê���© Ì�ª��6É�É� �«��_®%¢X �¯�¬D�@®E¬�«NÊ°�;«
¬*«X¢
�6É��­YR¯u±uÎ
Õ x/^ïghx�gDe�g�^��'i���i�xse)�Fcdb�r%¥1Ï��'i�eD�EÏ�b�c(���Vi u4¥/ø�£��}2�§ ��rNg:Ï�e¤^4`��#gDe:�Ð^<��b��B��r(e¤^�e%gÑ¥�gDe¿Ï��4i��AÐ ^4�a��gDe�g�b�x?�drNc
�Ði��Èi�xse�g�i�c��|x�^�e%rNc�i��#�2Út���c�g ��e�ghxsgDe%g�^��

Lemma comPlus :
(p,q:nat)(plus p q)=(plus q p).

Induction p.
Simpl.
Induction q.
Trivial.
Intros.
Rewrite H.
Trivial.
Intros n H.
Simpl.
Intro q.
Rewrite (H q).
Elim q.
(Simpl; Trivial).
Intros n0 H0.
Simpl.
(Rewrite H0; Trivial).

W!�(i���ghx��B��b�c�cdi�� �(b�x��4^�xse��

[]
[1]
[1;1]
[1;1;1]
[1;1;2]
[1;1;2;1]
[1;1;2;1;1]
[2]
[2;1]
[2;1;1]
[2;1;1;1]
[2;1;1;1;1]
[2;1;1;1;1;1]
[2;1;1;1;1;2]
[2;1;1;1;1;2;1]
[2;1;1;1;1;2;1;1]

t�b�rN� z `�r(e%��Ò�gh��b��'i�c

(q:nat)q=(plus q O)

(S (plus q n))=(plus q (S n))

\_i��HÏ�x�b�x��#Ï��Ç�4iB�'^ï��b��Ðb�x�x�i��ai���cdb�gDe¤i���b�c�c�i�� ��b�x��4i�xFeÏ^�r c�Ï��dr(�Ée¤^�e=��rsiÇ�AÐ b�x ¥�i�r(e�gh��b��Ði�c`ÚJ�ob�rNcB��i��Ð^
x�b�rN�<^�¥�b�x���)�b�rNc�xsgJrNx�iH)�b�x���e�g�b�x�x�^��#gDe¿Ï-��rNgÐ[6�Fcdi�x�^�xFeu�'iÓ���(i��Bghxû��r `�r(eRÒwgh��b��'i�cøi�eu�Ði<x�b�� ��r
eD�EÏ�b�c]���Vi�Ò�Ó6Ï�x�Ï�cdi�cd[V��b�x���e%c�rNgDeB�AÐ Ï�x�b�x��#Ï ��b��J�F�Ði�e�i�eÈ��b�x-����c�g �Fe��ai��scdi�r%¥�i`Ú n���gBb�x/�(i�r(e��4b�x��
Ó6Ï�x­Ï�cdi�cV�Ði��0�4i�r��ø�'i��B�Vi�� ©s�}2�§���¦{���ï©s�}2�§
��¦{� ÷ ø cdi�� ��i���e�gÑ¥�i��Vi�xFe|^��d��b���g�Ï��<^�r �d��i���ghx¯® õB°1õ²± i�e
® 5³°1õB°�õB°1õB°1õ�± Ú)´!x�i�)�b�gh�Ç�'i��u�'i�����i��~ÓvÏ�x­Ï�c�Ï��Å[Ïb�xV��i�r(e���gh�6���#g ��i�cÈ�'iÇ����c�g ��eÏ�4i��_Ï¤��^�c�e Ú
# lemmify [1;1] "plus_n_O";;
Theorem plus_n_O :

(q:nat)q=(plus q O).
Intros .
Induction q.
Trivial.

Intros.
Rewrite H.
Trivial.
Save.

# lemmify [2;1;1;1;1] "plus_n_Sm";;
Theorem plus_n_Sm :

(n,q:nat)(S (plus q n))=(plus q (S n)).
Intros n q .
Elim q.
(Simpl; Trivial).

Intros n H0.
Simpl.
(Rewrite H0; Trivial).
Save.

(*simplification du script initial *)
Lemma comPlus :

(p,q:nat)(plus p q)=(plus q p).
Induction p.
Simpl.
Intros;Apply plus_n_O.
Intros n H.
Simpl.
Intro q.
Rewrite (H q).
Intros;Apply plus_n_Sm.
Save.W�i�e�id��i��6���'iJ��b�xse�cdiJ�AÐ ^d�4�(i��uÒ���i�e e¤iP)�b�x���e%g�b�x�x�^��#gDe¿Ïu�aif�srNgh�BW�b���# ��� '1Ú:�:b�rNcJ�AÐ r(e%gD��gh��i�c|e¤i��h�'i���rsi��h�'i�[

gD�/)�^�r(e�)�b�rNc�x�ghc6rNx �d��i���ghxø�a^�x��6�AÐ ^�c�`�c�iÇ�ai��Fcdi�r%¥�i�[)ghx1)�b�c���^�e%g�b�x ��rNg_x�Ð i���e]^:�Fc�g�b�c�gs�(^��ogh���NÏ���g�^�e¤iÒu��b�x�x�^¶µDe%c�i)��b�rNcÏ�AÐ r(e%gD��gh��^�e¤i�rNc`Ú Õ xÂ¥�b�gDePg���g!i�x���b�cdi_���'i�ghx�i���i�xse_�AÐ ghxse¿Ï�cZ*�e_�*Ð rNx�iLghxFe¤i�c�)�^a��i�Ó�cd^��(��g���rsi
bI�²rNxÓ��gh�6���'i����#g��È��r�·?cd^(Ò<�,Ï��dgÛÓax�i�cB��iB���(i���ghx	Ú

¸  �«X�§�6¬º¹5�@�����;���
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êÍåNõ�ð�êvðaàdà�å�õ�ãÍéBð�í à�åaí�à�[�)�íNçH�0ãhà�åaêÍß�äJß�çÇè�ò#ð1)�àÅç�ä�ð�ãÍädßÇçdåaíNçdß�à|êÍß�à�"�ó�ësåaç3"E��àÅß�àuñ4íPò ãÍê]õ�å4á4çdãÍß�á�çmëFåaí�äuå,)Nçdß�á(ãÍä|í(á
á(å4í(âaß�ê4é�á(åaá�õ�é�ö��)å4í(ä)å,)Nçdß�á(ãÍä!êhð6ë(ä�ß�í(âaßLèNßÏõ�ßLá(åaí(â4ß�ê�é�á(å4á�õ�éaì�ãÐê�à�í%/�ç]ðaêÍåaä�àPèNßLä�é�ãÐá�çdä�åNèNí(ãÍädß]õ�ß�à�"�ó�ësåaç3"E��àÅß�à
è(ðaá�àLêÐßmõ�å4á4çdß2$�ç�ßmêÍåNõ�ð�ê�èNßuàdðÇë(ädß�í(â4ß�Y�õ�å4æ�æVð�á�èNß¼» ¦ ��¡(¥ èNß���åNñ%Z�ë(í(ãhàLèNß|ä�é�õ�í(ëFé�ädß�äÏè(ð�ásà�êÍß|à�õ�ä�ãÍëNçLãÍá(ãÐç�ãhð�ê
êhð|ë�ð�ä�ç�ãÍß6ñ�í(ã�õ�å4ä�ädß�à�ëFåaá�è�ð�í0àÅå4í�àA[fð�ä�)(ädßoèNß6ë�ä�ß�í(âaßoãhàdàÅíVè(íïàÅå4í�à�[�)(í(ç=�uãhà�åaêÍß�ä�ö@�oé�ð�á(æ�å4ãÍá�à�õ�ß�çÅçdßoç�ß�õ#"(á(ãhñ�í(ß
ß�àÅç�êÍåaãÍá�è�ò '�çdä�ßJåaëNçdãÐæVðaêÍß�ö!ÞPßJë(ädãÐásõ�ãÍë�ð�êNãÍá�õ�åaá�âaé�á(ãÍß�á�ç�èNßJõ�ß�ç�ç�ßJðaë(ë(ädåNõ#"(ßoß�àÅç�ñ�í(ßJêÐßJõ�åaá�çdß2$�ç�ßoêÍåNõ�ðaêsõ�åaá�ç�ãÍß�á�ç
à�åaí(â4ß�á�ç�èNßJá(åaæ�)(ädß�í�à�ß�àT"�ó�ëFå�ç3"s��à�ß�à�ñ�í(ã�á(ßmàÅå4á�ç�ë�ð4à�á(é�õ�ß�àdàdð�ãÍä�ß�à��uêhðuë(ädß�í�âaßJè(íïàÅå4í�à�[�)(í(ç=�Çãhà�åaêÍß�ä�ö*\�á0êÐß�à
ð1)sà�çdädð�ó�ð�á�ç�åaá<å,)(ç�ãÍß�á�çÏí(á²é�á(å4á�õ�é�)sß�ð�í�õ�åaí(ë0ç�ädåaë²õ�å4á�ç�ä�ð�ãÍá�ç�öT�Já<åaë(ç�ãÍæ�ãhàÅß6è(åaá�õmêÍßJë�ä�åNõ�ß�à�à�í�àÏèNßuõ�ädé�ð�ç�ãÍåaá
èNß|ê ò é�á(åaásõ�émß�á²á�ò#ð1)�àÅç�ä�ð�ó4ðaá4çÏñ�í(ßuêÍß�à="�ó�ëFå�ç�"E��à�ß�àÏí(ç�ãÍêÍß�à:��êÍðBë(ädß�í(â4ß�ö

��ß�çÅçdß�æ�é�ç�"(åNèNß�ñ�í(ãaëFß�ädæ�ß�ç!è(ß�ë(ädå�è(í(ãÍä�ß]èNß�à�é�á(å4á�õ�é�à�)Fß�ð�ísõ�åaí�ëuë(êÍí�à�îaé�á(é�ä�ð�í%$|àÅå4í(êI��â4ß)èNß�í%$|ë(ä�å_)(êI��æ�ß�à�ö
÷fê�ú%ðaíNç)è�ò ð,)så4ädè '�ç�ädß�õ�ðaë�ð1)�êÐß�è(ß�èNé�ç�ß�ädæ�ãÍá(ß�äPà�ãaí�á(ß�"�ó�ësåaç3"E��àÅß�ãÐá�çdß�ädâ�ãÍß�á4çPå4íuá(åaáBè(ð�á�à!êhðÏë(ä�ß�í(âaßaö@�våaí�ä_õ�ß�êhðNì
á(å4í�à]ú%ðaãÍà�åaásà]í(á(ßmð�á�ðaêÐóNà�ß:èNß6êhð|ädß�ë(ädé�à�ß�á�çdð�ç�ãÍåaá�õ�ðaá(åaá�ãÍñ�í(ßoè(ß6êhð|ë(ädß�í(â4ß�ö]Þ]ò ãÐá�çdß�ä�àÅß�õ�ç�ãÍå4á�èNßJê ò ß�á�àÅß�æ¨)�êÐßÏèNß�à
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æ�åaá�çdä�ß6ñ�í(ß|õ�ß�êhðÇá�ò ß�àÅçLësðaàÏàÅíE/�àdð�á�çLß�çoñ�í�ò ãÍêsú%ð�íNçoð�â4åaãÍä�ädß�õ�å4í(ä�à��BêÍðÈä�ß�ë(ädé�à�ß�á�çdð�ç�ãÍåaá�õ�ðaá(åaá�ãÍñ�í(ßJèNåaá(á�é�ßmãÍõ�ã
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ÇiÈ �vÉ���Ê��8ÂoÌZYR®s�,��Ê=���6«Â�@ªv���6¬��@®E¬��,�6«�Î
t�b�gDe��'iÈ�'i��B�ViÇ�drNgÑ¥�^�xFe:��rNg�i����Fc�gh��iÈ�AÐ ^��d��b���g�^�e%gÑ¥�gDe¿ÏNÒHÓ�^�rs���(i��aiÈ�'^<�db�x���^�e¿Ï�x�^�e�g�b�xô�ai��u�#gh��e¤i�� V3V U
Lemma ass_app:(l,m,n:list)(app l ( app m n))=( app ( app l m) n).

\!iÇ����c�g ��eÏ�4iÏ�Fcdi�r%¥�i�i�eL�'iÈe¤i�c��ViB�4iÏ�Fcdi�r%¥�iÇ��b�xse�c�Ï�� ��i���e�gÑ¥�i��Vi�xFeLU
Lemma ass_app : (l,m,n : D í G¢= )( <�B�B l ( <�B�B m n))=( <�B�B ( <�B�B l m) n.
Proof.
Intros.
Apply G¢�>J !Oð$# FI<>D .
Auto.
Save.

ass_app =
[l,m,n: D í G�= ]
( G¢�>J !Oð$# FE<>D¶D í G�= ( <�B�B ( <WB�B l m) n) ( <�B�B l ( <WB�B m n)) ( ,}���&0�,}Ã�Ã l m n))

: (l,m,n:list)( <�B�B l ( <WB�B m n))=( <WB�B ( <WB�B l m) n)
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�AÐ ^�����b���g�^�e%gÑ¥�gDe Ï§Ò ��cdb�gDefiïi�ei��rNg:�4^�x����'i�����c�g �FeJi���e:ghxse�cdb���rNgDe)��^�c��'^B�Fcdb���Ï���rNcdiV�aiï�,Ï���gh��g�b�x ^�r(efb��V^�e�g���rsi
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