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Abstract

We study a discrete-time approximation for solutions of forward-backward stochas-
tic differential equations (FBSDEs) with a jump. Assuming that the generators are
Lipschitz or with a quadratic growth w.r.t. the variable z, and that the terminal
conditions are bounded, we prove the convergence of the scheme when the number of
time steps n goes to infinity. We present a method based on the companion paper
[14] which allows to link the FBSDE with a jump with a system of recursive Brownian
FBSDEs, then, we use the classical result on the Brownian FBSDEs to approximate
the system of recursive FBSDEs. That allows to get a convergence rate similar to the
convergence rate for the schemes of Brownian FBSDEs.

Keywords: discrete-time approximation, forward-backward stochastic differential equa-
tion with a jump, Lipschitz generator, generator of quadratic growth, progressive enlarge-
ment of filtrations, decomposition in the reference filtration.
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1 Introduction

In this paper, we study a discrete-time approximation scheme for the solution of a system
of forward-backward stochastic differential equations (FBSDEs) with a jump of the form

t t t
Xy = x—i—/ b(s,Xs)ds—i—/ U(S,Xs>dWs—|—/ B(s, Xs-)dHs ,
0 0 0

T T T
Y, = g(Xr)+ / F (5, Xo, Yo, 2o, Us)ds — / Z.dW, — / ULdH, |
t t t

where H; = 1,<; and 7 is a jump time, which can represent a default time in credit risk or
counterparty risk. Such equations naturally appear in finance, see for example Bielecki and
Jeanblanc [2], Lim and Quenez [18], Ankirchner et al. [I] for an application to exponential
utility maximization and Kharroubi and Lim [14] for the hedging problem in a complete
market. We study the cases where the generator f is Lipschitz and f has a quadratic
growth w.r.t. z.

To the best of our knowledge, there is none work which studies the discrete-time approx-
imation scheme of these FBSDEs. For the FBSDEs with jumps, there is only the paper of
Bouchard and Elie [4], but in this paper the jump is a Poisson measure independent of the
Brownian motion. Notice that the problem of discretization of the FBSDEs without jump
with a Lipschitz generator is well understood, see e.g. Chevance [5], Bouchard and Touzi
[3], Zhang [23], Gobet et al. [§], Delarue and Menozzi [6]. For the case with a generator of
quadratic growth w.r.t. z there are very few works on. As far as we know, the only works
where the time approximation is studied are the papers of Imkeller et al. [9] and Richou
[22].

In this paper, we can not use the same technics as [4] because they use the Malliavin
calculus to get some regularity results and in our framework, to the best of our knowledge,
there is none work about the Malliavin calculus. To get a discrete-time approximation
scheme we use the results of [I4], that allows to decompose the FBSDE with a jump in
a recursive system of Brownian FBSDEs. Then, we give a discrete-time approximation
scheme for the solutions of each Brownian FBSDE, for that we use the classical results if
the generator is Lipschitz and the results of Richou if the generator has a quadratic growth
w.r.t. z. Finally, we obtain a discrete-time approximation scheme by combining the schemes
for the Brownian FBSDEs.

The paper is organized as follows. The next section presents the FBSDE, the different
assumptions on the coefficients and the functions appearing in the FBSDE and we recall the
result of [14]. In Section 3, we give a discrete-time approximation scheme for the FBSDEs
with a Lipschitz generator and we obtain a global error estimate. In Section 4, we give a
discrete-time approximation scheme for the FBSDEs with a generator of quadratic growth
w.r.t. z and we obtain a global error estimate.



2 Preliminaries

2.1 Notation

Throughout this paper, we let (2, G,P) a probability space on which is defined a standard
one dimensional Brownian motion W. We denote F = (F),, the natural filtration of W,
augmented by all the P-null sets. We also consider on this gpace a random time 7, i.e. a
nonnegative G-measurable random variable, and we denote classically the associated jump
process by H which is given by

Ht = ]]-T§t7 tZO

We denote by D = (D;);>0 the smallest right-continuous filtration for which 7 is a stopping
time. The global information is then defined by the progressive enlargement G = (G;),~
of the initial filtration where G :=F vV D. This kind of enlargement was studied by Jacod,
Jeulin and Yor in the 80s (see e.g. [11], [I12] and [10]). We introduce some notations used
throughout the paper:

— P(F) (resp. P(G)) is the o-algebra of F (resp. G)-predictable measurable subsets
of Q x Ry, i.e. the g-algebra generated by the left-continuous F (resp. G)-adapted
processes,

— PM(F) (resp. PM(G)) is the o-algebra of F (resp. G)-progressively measurable
subsets of 2 x R,.

We shall make, throughout the sequel, the standing assumption in the progressive enlarge-
ment of filtrations known as density assumption (see e.g. [13, 7, [14]).

(DH) There exists a positive and bounded P(F) ® B(R,)-measurable process v such that
Using Proposition 2.1 in [14] we get that (DH) ensures that the process H admits an
intensity.

Proposition 2.1. The process H admits a compensator of the form \dt, where the process
A is defined by

t
A= %—()]]1t<r> t>0.

P[T >t ‘ Fi
We impose the following assumption to the process A:
(HBI) The process A is bounded.
We also introduce the martingale invariance assumption known as the (H)-hypothesis.
(H) Any F-martingale remains a G-martingale.

We now introduce the following spaces, where a,b € R, with a < b, and T < oo is the
terminal time:



— Sla,b] (resp. Sg°la,b]) is the set of PM(G) (resp. PM(F))-measurable processes
(Y?)teja,p) essentially bounded:

[Yllsocpuy = esssup|¥y| < oo.
te[a,b]

— Stla, b] (resp. Sgla, b)), with p > 2, is the set of PM(G) (resp. PM(F))-measurable
processes (Y;)ic[a,5 such that

-

I¥llsray == (B[ sup ip])" < oo

t€la,b]

— Hfa,b] (resp. Hfa,b]), with p > 2, is the set of P(G) (resp. P(F))-measurable
processes (Z;)ic[a,5 Such that

b P
1Z0 0y = E[(/ |Zt|2dt)2} < 0.

— L?()) is the set of P(G)-measurable processes (Up)iejo.r] such that

[P (E[/OT|US|2/\SdsDé < 0.

2.2 Forward-Backward SDE with a jump

Given measurable functions b : [0, T]| xR =R, 0: [0, 7] > R, 5: [0,T]xR—>R,g: R—=R
and f: [0, T]xRxRxRxR — R, and an initial condition z € R, we study the discrete-time
approximation of the solution (X,Y, Z,U) in SZ[0,T] x S[0,T] x HZ[0,T] x L*(\) to the
following forward-backward stochastic differential equation:

RS

t t t
X, = x—i—/ b(s,Xs)ds—i-/ J(s)dWS—l—/ B(s, X¢-)dHs, 0<t<T, (2.1)
0 . 0 0
Y = g(Xp)+ / F(5, X0 Yo Z0, Un(1 — H,))ds
' T T
—/ stws—/ UdH,, 0<t<T, (2.2)
t t

when the generator of BSDE (2.2)) has a quadratic growth w.r.t. z.

Remark 2.1. In BSDE (2.2), the jump component U of the unknown (Y, Z,U) appears in
the generator f with an additional multiplicative term 1 — H. This ensures the equation
to be well posed in S[0,T] x HZ[0,T] x L*(\). Indeed, the component U lives in L*(\),
thus its value on (7 AT, T is not defined, since the intensity A vanishes on (7 AT, T]. We
therefore introduce the term 1 — H to kill the value of U on (7 A T, T] and hence to avoid
making the equation depends on it.



We first prove that the decoupled system ({2.1))-(2.2) admits a solution. To this end, we
introduce several assumptions on the coefficients b, o, 8, g and f. We consider the following
assumptions for the forward coefficients:

(HF') There exist two constants K, and L, such that the functions b, o and § satisfy
[b(t,0)] +1o()] +15(t,0)] < Ko,
and
[b(t, z) = b(t, 2')| +1B(t, ) — B(t,2)| < Lalz — 2],

for all (t,z,2") € [0,T] x R x R.
For the backward coefficients g and f, we consider the following assumptions:

(HBQ) There exist two constants M, and K, such that the functions g and f satisfy
lg(z)] < M,,
and
ft gy, zu)] < K1+ |yl + 2?4 |u])

for all (¢,z,y,z,u) € [0,7] x R x R x R x R, and the function f(t,z,y,.,u) is convexe or
concave uniformly in (¢,z,y,u) € [0,7] x R x R x R.

Following the decomposition approach of [14], we introduce the recursive system of FBSDEs

associated with —:
e Find (X'(0),Y'(9), Z(0)) € S2[0,T] x [0, T] x HZ[H,T] such that

¢ t
XI0) = o+ / b(s, X1(6))ds + / o(5)dW, + B(6, X} (0)Los, 0<t<T,
0 0
T T
1/7;1(9) = g(Xilf(e)) _'_/ f(s,XSl(G),Ygl(QLZ;(Q),O)ds _/ ZQ(Q)dWs , 0<t<T,
¢ ¢
for all § € [0,T7.
e Find (X% Y? 7% € S2[0,T] x 8°[0,T] x HZ[0,T] such that
t ¢
XY =z —I—/ b(s, X7)ds +/ o(s)dWs, 0<t<T, (2.5)
0 0

T T
YY) = g(Xg)+/ f(s,Xg,}QO,ZE,Y;(s)—Yso)ds—/ Z%W,, 0<t<T. (2.6)
t t

Then, the link between FBSDE ([2.1])-(2.2)) and the recursive system of FBSDEs (12.5))-([2.6)
and ([2.3)-(2.4)) is given by the following result.

(2.3)

(2.4)



Theorem 2.1. Assume that (HF') and (HBQ) hold true. Then, FBSDE (2.1))-(2.2) admits
a unique solution (X,Y,Z,U) € S[0,T] x SL[0,T] x HZ[0,T] x L*()\) given by

Xi = X{lier + X} ()<t
Vi = Ve + Y (7)<t
Zy = Z?]lth + Ztl ()Lt
U = (Kl(t) - Yto)]ltg )

(2.7)

where (X'(0),Y(0), Z'(9)) is the unique solution to FBSDE ({2.3))-(2.4)) in S2[0, T] xS0, T]x
HZ[0,T), for 0 € [0,T], and (X°,Y°, Z%) is the unique solution to FBSDE ({2.5))-(2.6) in
S2[0,T) x 8&°[0,T] x HE[0,T.

Proof. The existence and uniqueness of the forward process X and its link with X° and
X! have already been proved in the first part of this work [I5]. We now concentrate on the
backward equation.

To follow the decomposition approach initiated by the authors in [14], we need the generator
to be predictable. To this end, we notice that in BSDE , we can replace the generator
(t,y,z,u) — f(t, Xs, vy, z,u(l— H;)) by the predictable map (¢,y, z,u) — f(t, X;-,y, z,u(1—
Hi-)).

Suppose that (HBQ) holds true. The existence of a solution (Y, Z, U) € S2[0, T|x H2[0, T| x
L%()) is then a direct consequence of Proposition 3.1 in [14]. We then notice that from the
definition of H we have f(t,z,y,z,u(l — Hy)) = f(t,z,y,2,0) for all t € (r AT, T]. This
property and (HBQ) allow to apply Theorem 4.2 in [14], which gives the uniqueness of a
solution to BSDE ([2.2)). O

Throughout the sequel, we give an approximation of the solution to FBSDE ([2.1))-(]2.2])
by studying the approximation of the solutions to the recursive system of FBSDEs ([2.3))-
(2.4) and (2.5)-(2.6). For that we use the recent results of [22] about the discretization of

BSDEs in the case where the driver is quadratic.

3 Discrete-time scheme for the FBSDE

In this section, we introduce a discrete-time approximation of the solution (X,Y, Z U) to
FBSDE - based on its decomposition given by Theorem . For that we set
e € (0,7) and N € N. We use a non equidistant grid = with 2n + 1 discretization times.
The n + 1 first discretization times are defined on [0,7 — €] by

€

te = T<1—(T)’“/">, 0<k<n,

and we use an equidistant net on [T' — €, T'] for the last n discretization times

2n —k
n

e = T—( )e, n<k<2n.



For t € [0,7T], we denote by m(t) (resp. 7y (t)) the largest (resp. smallest) element of 7
smaller (resp. larger) than ¢:

7(t) = max{t;, i=0,....2n [t <t}
(resp. m(t) = min{¢t;, i=0,....2n[t; >t }).
We also denote by |7| the mesh of 7:
7| = max{ty1—t;,i=0,....2n—1},
and by AW (resp. At]) the increment of W (resp. the difference) between ¢; and ¢;_;:
AWT =W, — W,,_, (resp. AtT :=t; —t;_1), for 1 <i < 2n.
3.1 Discrete-time scheme for X

We introduce an approximation of X based on the discretization of the processes X° and
X1

e Euler scheme for X°. We consider the classical scheme X" defined by

0,7
Ko = (3.8)
X)T = X b, X)T AT + ot ) AWE, 1<i<2n, ‘

e Euler scheme for X'. Since the process X' depends on two parameters ¢t and 0, we
introduce a discretization of X! in these two variables. We then consider the following
scheme

tho’ﬂ(ﬂ(e)) = x+ B(to, v)lroy=0, 0< Kk <2n,

Xy (w(0)) = X7 (w(0)) 4 b(tioy, X, (7(0)ALT + o (tiy) AW (3.9)
+ B, X, (O Ltmrney, 1<i<2n, 0<0<ZT.

We are now able to provide an approximation of the process X solution to FSDE (2.1]). We
consider the scheme X™ defined by

X7 = Xl + X0 () lr, 0<t<T. (3.10)

We shall denote by {F"" }o<icon (resp. {F,""(8)}o<i<on) the discrete-time filtration associ-
ated with X%™ (resp. X'7)
DT o= o(X)T, <)
(resp. F"(0) = o(X,7(0), j <19)).

(2



3.2 Discrete-time scheme for (Y, Z,U)

We introduce an approximation of (Y, Z) based on the discretization of (Y, Z%) and (Y, Z1).
To this end we introduce the backward implicit schemes on 7 associated with BSDEs
and . Since the system is recursively coupled, we first introduce the scheme associated
with . We then use it to define the scheme associated with . Before to give the
schemes we define p, : R — R the projection ball

1

M.,
B(o, M., + —2>
J— 5)§

where M, and M, , are some constants defined throughout the sequel. We also introduce
gn a Lipschitz approximation of g with Lipschitz constant N.

e Backward scheme for (Y1, Z'). We consider the implicit scheme (Y7, Z1™) defined by

Y77 (x(0)) = gn(Xr"(m(0))) .
2w (0) = puo (5B OIAWE]) > (6),

e 2 ti+1
AtiJrl

YT (m(0) = By YR mO)] + f(t X0 (0), Yl (7(0)), 27 (m(O)ALE
(3.11)
where E;"™? = E[ . |F™(0)] for 0 < i < 2n and 6 € [0, T], and

f6(57x7 Y, Z) = ]ISST*Ef(Su x,Y, =z, 0) + ]18>T76f(57 z,Y, 07 0) .

o Backward scheme for (Y?, Z°). Since the generator of (2.6) involves the process (Y;'(t)),cio 11
we consider a discretization based on Y™. We therefore consider the scheme (Y%7 Z07)

defined by
YT = gn(X77),

vy 1 iy T .
Zg’ = pti+1< T E? [Y;t?;_lAm-Fl}) ) 0<:1<2n-1, (3.12)
Ati+1
VT = BT T XY 20T A

where B = E[ . | F)7] for 0 < i <n, and f™¢ is defined by

f7r75(t7 r,y, Z) = ]ltST—ef (ta r,Y, %, Yﬂl(’;; (ﬂ-(t)) - y) + ]]'t>T—6f(t’ z,Y, 07 Yﬂ-l(’g (W(t)) - y) )

for all (t,z,y,2) € [0,T] x R x R x R.
We then consider the following scheme for the solution (Y, Z,U) to BSDE (12.2)

Y;Tl’ = Y;T()(’Z;]lt<7. + Yﬂl(’;; (77'(7'))1,527 ,
77 = Z7 e + 2,05 (m(7) Lisr (3.13)

Ui = (Y;(VS(W(t)) - Yf(ZS)]lth ;

for t € [0, 7.



4 Convergence of the scheme for the FSDE

We introduce the following assumption, which will be used to discretize X.
(HFD) There exist three constants K;, K; and Kp such that the functions b, o and  satisfy
b(t,2)| < Ky(1+]a]),
lb(t, ) — b(t', )| + |o(t) — o ()] Kt =tz Alt—t]),
|B(t, ) — B(t',x)| Kglt — 1],
for all (¢,¢',2) € [0,T] x [0,T] x R.

<
<

We now recall the error estimate for the scheme of X obtained in the first part of this
work [15].

Theorem 4.1. Under (HF') and (HFD), we have the following estimate

E| sw [X, - X7[| < Klnl,
te[0,T

for a constant K which does not depend on .

5 Convergence of the scheme for the BSDE

To provide error estimates for the scheme of the BSDE, we need an additional regularity
property for the coefficients g and f. We then introduce the following assumption.

(HBQD) There exists a constant K such that the function f satisfies
‘f(taxa Y, Z?“) - f(ta xla y/a Z/7U/)| < Kf U[L’ - .’L‘/‘ + ‘y - y/’ + ’U - U'/H
Ly (1 |2+ 2]z = 2

for all (z,2',y,v, 2,2, u,u’) € R? x R? x R? x R,

5.1 A uniform bound for Z° and 7!

We present here a uniform bound for the processes Z° and Z'. To this end, we need the
following assumption.

(H/S) The function f is differentiable w.r.t. = and there exists a constant Ky > 0 such that

1+Vp(t,z) > Ky, (t,x)e[0,T] xR.

Proposition 5.1. Suppose that (HF), (HFD), (HBQ), (HBQD) and (Hf) hold and
that g is Lipschitz with Lipschitz constant K,. Then, there exists a version of Z*(0) such
that

12, (0)]

IN

eCLet KT (K 4+ TKOM, , 0<t<T.

10



Proof. In this proof, we omit the variable 6 to improve readability. In the case where b, f
and g are differentiable w.r.t. z, y and 2z, (X', Y1, Z!) is also differentiable w.r.t. z and we
can see that

t
vix! = 1+/Vb(s,Xj)v9des, 0<t<T, (5.1)
0
and
T
vy = Vi9g(XH)VPXL - / vl zlaw,
t

T
+/ Vof(s, X, Y, 22 0) (VXL VY], VP ZY)ds (5.2)
t

for t € [0, T]. Since Vb is uniformly bounded, we get from (5.1) and Gronwall’s lemma

VX! < elT | 9<t<T. (5.3)
Using (HS), (5.3), we get
(VOXHTH < el 9<t<T. (5.4)

Applying It6’s formula, we get
olo ng(s,Xg,Ysl,Zg,O)dsvey;fl — oy vgf(s,xg,ysl,zg,O)dsveg(X%)VeX%

T
b [ eV 20 (s, X1 VY, 21,009 X s
t
T
_/ ef; ng(r,X;,Y,},Z;,o)drVe?Zs1C”/T/s17 (5.5)
t

where dW! = dW, — V?f(s, X1, Y}, Z!,0)ds. From (HBQD), we have
T

< K(1 + sup IE[/ |71 2ds
9

9€[0,T)
2
BMO)

K(1+H/'ngws
0
< 0,
where the last inequality comes from the fact that under (HF), (HFD), (HBQ) and
(HBQD) [, Z!dW, belongs to the space BMO (see METTRE REF). Therefore, we can

apply Girsanov’s theorem: there exists a probability measure Q' under which W' is a

7))

2
BMO

| [ vires xivziom,
0

IN

Brownian motion. We then get from (5.5|)

T
els Vol XYL Z g0yl g, [efg VI XYL ZH0 s 0 (1 Y0 X L

T
N / oli VXYL 00 (s, X1 VY, 21,0V X bds| R
t

11



This last inequality, (HBQD) and (5.3)) give
VY < Bt EOT(K 4 TKy), 0<t<T. (5.6)

Moreover, using Malliavin calculus, we have the classical representation of the process Z*
given by V/Y1(VYX1)"1g(.). We therefore obtain from (5.4)) and (5.6

17} < CLtEIT(K 4 TKM, a.s.

When b, f and g are not differentiable, we can also prove the result by a standard approxi-
mation and stability results for BSDEs with linear growth. a

Some useful estimates of Z°

Proposition 5.2. Suppose that (HFQD) and (HBQD) hold and that g is Lipschitz with
Lipschitz constant K,. Then, there exists a version of Z° such that

20| < 2Fs LT (K, + KGT) (1 + TKpe™ T (1+ Loe™ ™)) M, , 0<t<T.

Proof. To simplify the notations we write h(t,z,y,2) instead of f(t,z,y,2,Y.}(t) — y).
Firstly, we suppose that b, g and f are differentiable w.r.t. x, y, z and u. Then, (X° Y?, Z°)
is differentiable w.r.t. z and (VX° VY? VZ?) is solution of

t
vVX? = 1+ / Vb(s, X0)dsVXds , (5.7)
0
and
T
VYO = VgXDVXG+ [ (Vb XDV ZOVXL 4V s X0V, Z VY
¢
FVh(s, X0V, 20V 20+ (s, X0, YD, Z0)(VY 2 (5) = VYD) ) ds
T
- / VZ2%AW, . (5.8)
t

Thanks to usual transformations on the BSDEs we obtain

vY? = eftT(Vy—Vu)h(st?7Y5°7Z?)d8vg(X§1)VX%
T
b [ TSRO s, X0, Y2, 20)V XY
t
T S
n / eftk (Vy7Vu)h(r,X?,YT07Z9)drvuh(87 Xg, }/;0’ Zg)(V}/;l (8) o VYQO)dS
t
T
_/ efts(Vy_vu)h(ryxg,yro,ZS)drszdWO
t

where dW? = dW, — V_h(s, X2, Y2, Z%)ds.

12



Since Z° * W belongs to the space of BMO martingales, there exists a probability Q°
under which W? is a Brownian motion. Then,

V}/to — EQO |:€f(;T(vyfvlt)h(stg7Y507Z2)d3Vg(X%)VX%

T
+ / eJo V=V X2Y220drg p(s, X0, V2, Z°)V X0ds

t

T
b [ RIS RORNZNG s, X0, Y2, 20 VY 5)ds
t

7.
Since Vb is uniformly bounded, we get from (5.7) and Gronwall’s lemma
IVX?| < efT | 0<t<T, (5.9)

we also prove that [VY(t)| < (1+LseleT)eLetENT (K, +TK;). Using these two inequalities
we get

IVY?| < et (K 4+ KpT) (1 + TK e (1 + Lae™T)) .

Moreover, thanks to the Malliavin calculus, it is classical to show that a version of Z° is
given by VY?(VX%)~15(.). So we obtain

1z < ErEOT (K + KT (14 TKpe® (14 Lee™")) M,  a.s.

because |[(VX?) ™| < eleT,
When b, g and f are not differentiable, we can also prove the result by a standard
approximation and stability results for BSDEs with linear growth. O

5.2 A time dependent bound Z" and 7!

We also get a second bound for Z!(#) which depends on the time ¢ but for that we introduce
two alternative assumptions.

Assumption 5.1. b is differentiable w.r.t. z, and o and  are differentiable w.r.t. . There
exists A € Ry such that

lo()]|o(O)Vb(t ) —o'(t)] < Ao(®).
Assumption 5.2. o is invertible and V ¢t € [0, 7], |o(t)7! < M,-1.

Proposition 5.3. Suppose that (HFQD) and (HBQD) hold and that Assumptions[5.1] or
hold. Moreover, suppose that g is lower (or upper) semi-continuous. Then, there ezists
a version of Z*(0) and there exists a constant K,1 € R, that depends only on T, M,, K,,
Ky and Ly, such that

ZHO)| < Ka(l+(T—¢)7), 0<t<T.

13



Proof. In a first time, we will suppose that Assumption holds and that f and ¢ are
differentiable w.r.t. x, y and z. Then, we have

T
S 6 1yl 71 X
F, = FT—/ elo Vol (X X 200yl 71 vy
t

where
Fo= ol V‘y)f(u,X}“Yq},Z}“O)duvey;l + /t elo VZf(quiqu},Ziao)duvzf(u XLyl zlo )VeXslds )
0
Now we define
op = /t elo sz(“’Xi’YJ’Zi’O)d“VZf(u XLvh zZL 0)vixlds(VI XD o (t)
7, = Ft(v9 Hlo(t) = oli ng(u,Xi,YJ,Zi70)duZt + ay

E, = ME(VIXHT!

Since dVeth = V(’b(t, th)Vethdt, then aZ(V‘)th)_1 = —(VGXtI)_IVGb(t, X1)dt and thanks
to Ito’s formula

dZ, = dF,(V°XHlo(t) — F(VPXH Vo (t, X)o(t)dt + F, (VX)) to(t) ,
and
d(eMZ) = Z N = VOb(t, XD]o(t)dt + Fo'(t)dt + MdF,(VIXH T o(t) .
Finally,
deMZ,? = d(M,) +2[NEo®)|* — Fro(t)[o(t)VOb(t, X}) — o' (t)]]dt + dM;

with M, == [} eMdF,(VX!)~'o(s) and M* is a Q'-martingale. Thanks to Assumption

we are able to conclude that |e*Z,|? is a Q'-submartingale. Hence

T ~
Eqt [/ | Z,|2ds
t

]-"t] > M Z(T - 1)

2

t 0 1yl 71
efe vyf('sts )Ys 7Zs ’O)dsZt + at

which implies

ZIA(T —t) = e e 20 VXLV ZL0s M| off V4reXEY2zb0ds 71 o — o 17 — gy
2
- K( (M| fs Vs Xtz 0 g1 1) (T —1t)
T ~
< K(EQl [/ 62’\5|Zs|2d8 ]-"t} + (T — t))
t

14



with K a constant that only depends on 1", Ky, L,, K, and A and not on ¢. Moreover, we
have

T
E@l[/ 62>‘5|Zs|2d3‘.7:t} < KE@[/ (|Zj|2+|as|2)ds‘}"t]
tT t
< K(I12'Buow) + (T —1)

But [|Z'||pmoqr) does not depend on K, because (Y, Z') is a solution of the following
BSDE:

T T
Yl = g(xh)+ / (F(s. X1, Y2, 21,0) — 20V (s, X1, Y2, 71, 0))ds — / 214,
t t

Finally |Z}| < K(1+ (T —t)7'/?) ass.

When o is invertible, the inequality of Assumption is verified with A := M -1 (K,L,+
K;). Since X does not depend on Vb and ¢’, we can prove the result when b(t,.) and o are
not differentiable by a standard approximation and stability results for BSDEs with linear
groath. So, we are allowed to replace Assumption by Assumption a

We get another bound for Z° which depends on the time t.

Proposition 5.4. Suppose that (HFQD), (HBQD) hold and that Assumptions[5.1] or[5.9
hold. Moreover, suppose that g is lower (or upper) semi-continuous. Then, there exists a
version of Z° and there exists a constant K,o > 0 that depends only on T, M,, K,, K; and
Ly . such that,

1Z)) < Ko(1+(T—t)7"%), 0<t<T.

Proof. In a first time, we will suppose that Assumption holds and that f, g are
differentiable w.r.t. z, y, z and u. Then, (Y, Z°) is differentiable w.r.t. z and (VY?,VZ2?)
is the solution of BSDE ([5.8). We denote

t
F, = ef(f(Vy*Vu)h(s:XS,YS‘),ZS)dsvytO+ / eJo (Vy=Vu)h(r XY, Z2)dr

0
(Voh(s, X2 Y2 ZOVX? + V,h(s, X2, Y2, Z0)VY ] (s))ds .

We can write

T
~Ft _ FT . / efos (Vyfvu)h(r,X,g,YTO,ZS)dTVngWS )
t

Now, we define

t
a = / elo (Vo XX Z00 (7 h(r, X2, Y2, ZOV XD + Vuh(r, X2, Y2, Z)VY,H (1)) dr(VX]) o (t)
0

Z, = R(VX])'o(t) = h(Tv VR0 0 as,
Fy, o= ME(VX))TE.

Y
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Thanks to It6’s formula
dZ, = (VX)) lo(t)dF, — F,(VX?)'Vb(t, X0)o(t)dt + F,(VXL) Lo’ (t)dt
and
d(eMZ) = E,(\—Vb(t, X))o (t)dt + Fyo'(t)dt + M (VXY) o (t)dF, .
Finally,

d‘e)\tZt|2

= d(M), +2 [A|Fta(t)|2 — F2o,[o(t)Vb(t, X0) — a’(t)]] dt + M;

with M, := [} e*dF,(VX?)"'o(s) and M* a Q*-martingale. Thanks to Assumption , we
are able to conclude that |e*Z,|? is a Q%-martingale. Therefore, we obtain as in [22] that
|ZY < K(1+ (T —1)7Y?) as.

When f is not differentiable and g is only Lipschitz, we can prove the result by a standard
approximation and stability results for BSDEs. a

5.3 Approximation of FBSDE (12.3)-(2.4)

An approximation of the quadratic BSDE
Throughout the sequel, we approximate BSDE ({2.3)-(2.4)) by another one. Let (Y™€(), ZV<(9))
be the solution of the BSDE

YV0) = gu(XH0) + / £4(5, X2(60), Y(0), ZV<(0)) ds
- /T ZN<(0)dw, | H<t<T, (5.10)

we recall that

fe(‘s?xa Y, Z) = ]ISST*Ef(Su x,Y, =z, O) + ]18>T76f(57 z,Y, 07 0) )

and gy a Lipschitz approximation of g with Lipschitz constant N. f€ verifies (HBQD) with
the same constants. Moreover, we can apply Proposition to obtain an upper bound for
ZN<(0).

Proposition 5.5. Let us assume that (HFQD), (HBQD) and Assumptions or[5.4
hold. There exists a version of ZN<(0) and there exists a constant M1 € R, that does not
depend on N and € such that,

1ZMO0) < Ma[Q+ T —t)Y)H)AWN+1)], 0<t<T.

Thanks to BMO tools, we have a stability result for quadratic BSDEs: Mettre une ref

16



Proposition 5.6. Let us assume that (HFQD) and (HBQD) hold. There exists a con-
stant K that does not depend on N, € and 6 such that

E[tgg%mf“%e)—wwz}+E[ /9T|Zi“<e>—zz<e>|2dt] < K(ei(6,N) + es(6,N,¢)) .

with

ex(0, Nye) = ]E[(/T f(t,Xg(e),nN‘(e),ZtN’E(G),O)—f(tyXf(@),KN’G(G),O,O)‘C@%}l/q,

T—evo

and q defined in Theorem 77. Quel Th

The aim of our work is to study the error of discretization

e(,N,e,7) = sup EUY;(;;(W(Q)) —Y;(e)ﬂ +E[ /9 T\Z}rg)(yr(e» —Zt(e)}zdt] ,

0<t<T

where (Y17 Z17) is defined by (3.11]).

It is easy to see that there exists a constant K such that
e(0, N,e,m) < K(el(G,N) +es(0, N, €) +e3(0, N, e, m) + 64(9,N,e,7r)) ,
with e1(8, N) and ez(6, N, €) defined in Proposition |5.6{ and

es(0, N,e, ) = tggg]E[‘nN,E(w(Q)) — ytN,e(@)ﬂ +E[/9T }ZtN’E(W(Q)) - thv’e(g)fdt] ;
ea(0, N, e,m) = tg[l;%E[mN%(e)) ~YinEo)] +E| /9 |2 (x0)) = 25 (n(0)[at]

Study of the time approximation error e (0, N, e, )
We set € = Tn™ and N = nb, with a,b € R’ two parameters. Firstly, we give a
convergence result for the Euler scheme.

Proposition 5.7. Assume (HFQD) holds. Then, there exists a constant K that does not
depend on n and 0, such that

B} 1
sup E[|X}(0) - X170 (n(0))))] < K—".
te[o,T] n

Proof. As in the proof of Theorem [4.1 we have that

sup EHX,}(@)—X;’(?)(W(H))H < K sup At = KAt .

te[0,T] 1<i<2n
But At = T(1 —n~%") < C’@, so the proof is ended. O

For the sequel, we need an extra assumption.

17



Assumption 5.3. There exists a positive constant K, such that V ¢,¢' € [0,7], V x €
R, VyeR, VzeR, VuelR

}f(ta T, Yz, U) - f(tla L, Y, %, U)‘ < Kf,t|t - t/‘1/2 :
By adapting the proof of [22], we get the BSDE approximation.

Proposition 5.8. Assume that (HFQD), (HBQD), Assumptz’ons and 07“ hold.
Then, for all m > 0, there exists a constant K that does not depend on N, €, n and 6, such
that

sup B |[V25(x(0)) = Y, (x(0)) "] +E[/9T|Z;g)(7r(e)) 2N ((0)) [t

t€[0,T]
K K

+
= pl-2-Ka ' l4n—4b

with K = 4(1 +n)L} M2,

Proof. It is sufficient to give an upper bound of

sup E|[v;(7(0)) = Y25 ()]

te[6,T)
because the upper bound of

sup E“Y” 0)) —yﬂ@;(w(e))\z} +E[/9T}Z;g)(7r(9)) —ZtN’e(w(Q))fdt]

te[0,T]

is given by [22]. Using BSDE (j5.10), we get
t t
v,V (n(0)) — Yﬂ]z[tf( w(0)) = /( | fe(s,X;(W(Q)),}QN’G(W(Q)),Z;V’E(W(Q)))ds — /( ) ZN<(w(0))dWw, .
(t m(t
Since f€ satisfies (HBQD) and using Proposition , we can see that there exists a constant
K such that

sup ]EUYtN’e(W(Q)) - YN’E(W(Q))F] < K(14n") sup AL .

te[0,T] 1<i<2n
Study of the global error (6, N, e, )
Let us study errors e;(6, N), es(0, N, €) and e3(0, N, €, ).

Proposition 5.9. Let us assume that (HFQD) and (HBQD) hold. There exists a con-
stant K > 0 such that

62(9, N, 6) < K

— p2a—4d '

18



Proposition 5.10. We assume that (HFQD) holds and g is a-Hélder. Then, there exists
a constant K > 0 such that
K

2ba
ni—-o

61(9, N) S

The proofs of these propositions are given in [22].
We now give an upper bound for the error e3(f, N, e, 7).

Proposition 5.11. Let us assume that (HFQD) and (HBQD) hold. Then, for alln > 0,
there exists a constant K > 0 such that

K
e3(0, Nye,m) < T Katn
with K = AL2M?.

Proof. We denote 7, := Y;V(0) — Y, (7(6)) and p; := |V (0) — Y, (n(6))|>. Using Ito’s
formula and with (HFQD) and (HBQD), we get

Elp] < Elur] —E[/tT]ZsN’e( — ZN<(x(9))] ds] 1+Kf)]E[/tTusds]
wi7e] | " X2(0) = X2 (x(0))] ds}
+2E[/tTE|ns|(Kf+2Lf7zle(1+(T—3)—1/2))\Z§Vvﬁ(9) ZNe(n |ds} :

we can see that

S

Eln] < KZE[|XH0) - XHm(©)["] + KIE| / [X21(0) = X2 (m(0))"ds|

T , ALZ M?
+E| [ (1+ K+ 2K+ L e Jpads]
t -

Using Proposition [5.7] and Gronwall’s Lemma, we get

B[Y(0) - Y O] € Kt
We also get
E[/tT|ZjV’€( 7Y (x(0))| ds} <E[MT]JFKE[/tTNSdshKE[/tT}X;(e)—xj(w(e))}zds]
+2E[/tT_E s (K + 2L s Mo (14 (T — s)"/2)) | Z2Y4(0) — ZN(n |ds] :

Using the inequality 2ab < a?/3 + Bb?, there is exists a constant K such that
T T T 2
E[/ |ZN4(0) — ZN<(x(0))| ds] < K{]E[,uT] +E[/ usds} +E[/ | X21(0) — X2(n(0))] ds}
t t t
T—e¢
+E[/ (Kj+2Ls . Ma(1+ (T — S)_1/2))2,usds} } .
t
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With the previous inequality, we get

E[/T\ZSN‘( - 2N (m(0)ds| < g

2 2 N
piiLE MPa

Now we are able to gather all these errors.

Proposition 5.12. We assume that (HFQD), (HBQD), Assumptions[5.3, and [5.1] or
[5.9 hold. We assume also that g is a-Holder. Then, for all n > 0, there exists a constant
K > 0 that does not depend on n and 6 such that

1 1
6(97N7€77r) S K( 2c + > Y

n G- E+KNH—2-2a nl-K'atn
with K' = 4L?ZM21 and K" = 4(1 n T])L?ZMQ

Proof. Thanks to Propositions 5.8} [5.9] and [5.11] we have
K K K K

G(N’ E’ﬂ-) < ni 2170‘ + n2a—4b + nl-K'a+n + nl-2b—K"a
Then, we only need to set a := QIK,, and b := e (2;{‘3‘,)_2 5o 10 obtain the result. O

5.4 Discretization of FBSDE ([2.5)-(12.6)

Convergence of modified time discretization schemes for the BSDE

We now give an approximation scheme for the solution of FBSDE —. We first
approximate our quadratic BSDE by another one. We set ¢ €]0,7[ and N € N. Let
(YNe ZN€) the solution of the BSDE

T T
YV = gn(XD) + / f(s, X0, Yo,z ds — / zZNeaw, (5.11)
t

t

with
fE(Sv €,Yy, Z) = ]]-SST—Sf(Sa x,Y,z, Ysl(s) - y) + ]]-8>T—€f(87 z,y, O’ }/;1(3) - y) )

and gy a Lipschitz approximation of g with Lipschitz constant N. f¢ verifies (HBQD)
with the same constants as f. Since gy is a Lipschitz function, Z™* has a bounded version
and BSDE is a Lipschitz BSDE. Moreover, we can apply Proposition to obtain an
upper bound of Z:,

Proposition 5.13. Let us assume that (HFQD), (HBQD) and Assumptions[5.1] or[5.9
hold. There exists a version of Z™ and there exists a constant M,o > 0 that does not depend

on N and € such that,

2 < Mo[(L+ (@ =) AN +D)], 0<EST,
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Proposition 5.14. Let us assume that (HFQD) and (HBQD) hold. There exists a
constant K that does not depend on N and € such that

T
E[ sup |YtN’€—Yt°\2} +E[/ |Z§V’6—Z$\2dt} < K(ey(N) + ea(N, )
0

0<t<T

with

er(N) = E[lgn(X2) — g(X%)%]"",

T
/
e, = E[(/ £ (6, X2, 20 v ) = V) = (6 XD, Y0, Y — YtN’e)\dt>2q]1 q,

T—e

and q defined in Theorem ?77. Quel Thm?

We now introduce another BSDE which approximate the Lipschitz BSDE (5.11) by
replacing Y,!(s) by Yﬂl(:)(ﬂ(s))

T T
TN < (X + [ XD 2N ds = [ 28w, a2)
t

t
with f™(s,x,y,2) = fe(s,a:,y,z,Yﬂ(s)( 7(s)) —y).

Proposition 5.15. Let us assume that (HFQD) and (HBQD) hold. There exists a
constant K that does not depend on N and € such that

T
IE[ sup ‘YtN’E—Y/tN’MH +E[/ }Z;V’E—thv’sﬂzdt] < Kez(N,e,m) .
0

0<t<T

The aim of our work is to study the error of discretization

T
e(N,e,m) = sup E[‘Yo7r Yt0|2] +E[/ ‘ZT?’(T;) —Z?‘th] :
0

0<t<T m(t)
It is easy to see that
e(N,e,m) < K(ei(N)+ex(N,e) +es(N,e,m) + es(N,e,m)) ,
with e;(N) and ey(N, €) defined in Proposition and e3(N, e, m) defined in Proposition
5.15} and

es(N,e,m) = sup E[‘ﬁN’e’ﬂ—YO’ﬂ}2]+E|:/ ‘ZNen_Zoﬂldt]

t
0<t<T m(®)

Study of the time approximation error e (N, ¢, )
As in [22], we add an extra assumption
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Assumption 5.4. There exists a positive constant K, such that V¢, ¢’ € [0,T], V = € R,
VyeR,VzeR,

|f7r’6(t,x,y,z) — fﬂ’e(t’,x,y,z)‘ < Kpglt— t’|1/2 )

We set € = Tn~® and N = n’, with a,b € R? two parameters.
Firstly, we give a convergence result for the Euler scheme.

Proposition 5.16. Assume (HFQD) holds. Then, there ezists a constant K that does not
depend on n such that
ﬂ < g

n

sup EHX? — Xg’(:)

0<t<T
Since the generator f™¢ is Lipschitz, we get the result of Theorem 4.8 of [22]:

T
- N e, T 7 Ne,m T —K
sup B[ —vIgP| v [ |20 2] < e

0<t<T
with K = 4(1 4 n)L7 M3,

Study of the time approximation error e3(N, ¢, )
We denote n, = YV — YV and v, = In:/%. As in the proof of Proposition m, there
exists a constant K such that

E[v] < K/ [vs]ds + K sup IEI“Y17r ))—Ysl(s)|2].

0<s<T

Using Gronwall’s lemma and Proposition [5.12 we get that there exists a constant K
such that

1 1
63(N7€77r) < K( 2a + )7

nEaeran-z—ea iR
with K’ = 412 M2 and K" = 4(1 + )L M2,

Study of the global error ¢(N, e, )
From Proposition 4.9 and Proposition 4.10 from [22], we get that

K
ea(Nye) < 20 b
and
K
61(N> S 2ba
nl—a

with g is a-Holder.
Now, we are able to gather all these errors.
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Proposition 5.17. We assume that (HFQD), (HBQD), Assumptions and [5.1) or
hold. We assume also that g is a-Holder. Then, for all n > 0, there exists a constant
K that does not depend on n such that

1 1
e(N7E7,/T) S K( 2 + > Y

7
n G—a)2+K")—2-2a nl—K'atn

with K' = 4L2%_ Mo and K" = 4(1 +n)L% M.

5.5 Approximation of the solution of FBSDE (2.1))-({2.2)

In this part, we give an approximation of the solution of FBSDE (2.1))-(2.2) by using the
previous results.We introduce the following scheme for : = 0,....n

Y = YV e + YT (7 (7)) s
ZZZ = Zto;ﬂ-]ltig.,- + Ztli’ﬂ'(ﬂ'('T))]lti>T
UF = (V) = Yy e
Now it is easy to give an error estimate of this approximation scheme:

Theorem 5.1. Under (HF), (HBQ), (HFQD) and (HBQD), there exists a constant
K such that the error estimate of the approximation scheme is upper bounded by

T T
sup E[|Y; — Y7, ] +E[/ 12— 27| at] +E[/ MU = Uz [at]
0 0

0<t<T
1 1 1
< K( I rE———— _) :
nC-o)@+K)—2-2a n n n

Proof. Step 1. Error for the variable Y. Fix t € [0, T]. From Theorem and (3.13)), we
have

E“Yt - Ygﬂ - E[\Yf - Yf(;;|2]1t<T} n E[[Ytl(f) - YT}(’;;(W(T))FILQT] .

Using (DH), we get

By -] < B[ -vipf]+ | CE[|VE0) - Y2 r(0) Lo (0)]

< K(E“Yto—x?“ﬂ + sup sup ]EUY;(Q)—Y:’”OT(G))H) .

® 00,1 s€[0,T] (&)

Using Propositions and [5.17] and since ¢ is arbitrary chosen in [0, 7], we get

2 1 1 1
su E[Y—Y”} < K( 2 + % +—),
te[Og“} ‘ ' ' ‘ n<2fa)(2+21<”)7272a nl=Katn = pn

for some constant K which does not depend on .
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Step 2. Error estimate for the variable Z. From Theorem and (3.13)), we have

T 9 TAT ) T
E[/ |2, — 77| dt]zJE[/ |Zf—zgg)\dt}+1@[/ 124 - 25 et ]
0 0 TAT
Using (DH), we get
' ™ |2 o 0 0,7 |2
E[/O ‘Zt_Zt‘ dt} :/0 /0 E[\Zt —Zﬂ’(t)} WT(G)}dth
T T
+/ / E[}Zﬁ( — 285 (1 (9))[ (0 }dtd&.
o Jo
T
< K|E ZO Z07r dt E / Zl 9 _Zl,rr 9 2 at)
< k(B[ | |7~ 2 a] + s B[ 71200~ 25700 )

From Propositions [5.12] and [5.17], we get

1 1 1
E[/ Z—Z”th] < K( § b +—>,
0 } ' ! | N n(?—a)(2+2K")—2—2a nl=Katn = p

for some constant K which does not depend on 7.

Step 3. Error estimate for the variable U. From Theorem and (3.13)), we have

T , T
]E[/ \U, — U/ /\tdt} < KIE[/ <|K§1(t)—y7j(7r( () + Y0 — YOWI >/\tdt}
0 0
Using (HBI), we get
T
T 1 1,7 0,7
E[/O U, — U7 | )\tdt} < K(HEE[)TNSE;%E“Y Yﬂ(t)(W(Q)ﬂ ] —i—t:E(l]pT]E[‘Y - Y ])

Combining this last inequality with Propositions and we get the result.
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